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Abstract. In this paper we classify extensions between irreducible finite conformal mod- 
ules over the Virasoro algebra, over the current algebras and over their semidirect sum. 

1. Introduction 

It was shown in [2] that a finite semisimple conformal algebra is a direct sum of either a 
current conformal algebra associated with a finite- dimensional semisimple Lie algebra, the 
Virasoro conformal algebra, or their semidirect sum. The problem of classifying their finite 
irreducible modules was solved in [1]. However, modules over conformal algebras (and thus 
conformal modules) are in general not completely reducible, thus in order to understand 
the representation theory of conformal algebras, one is led to study the extension problem. 
This problem is solved in this paper. 

In this section we will review a few concepts on conformal algebras, their modules and 
their relations to Lie algebras of formal distributions that we need in this paper. For more 
details the reader is referred to [1], [4], [5]. 

A formal distribution (usually called a field by physicists) with coefficients in a complex 
vector space t/ is a generating series of the form: 
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where a^^] ^ U and z is an indeterminate. 

Two formal distributions a{z) and b{z) with coefficients in a Lie algebra g are called 
(mutually) local if for some N G Z_|_ one has: 

iz-w)^[a{z),b{w)] = 0. (1.1) 

Introducing the formal delta function 

6{z-w) = z-'J20\ 

neZ 

we may write a condition equivalent to (1.1): 

[a{z),b{w)] = X;(a(,)6)(«;)ai,fc^, (1.2) 

3=0 

for some formal distributions {a(^j)b){w) ([4], Theorem 2.3), which are uniquely determined 
by the formula 

{a(^j^b){w) — Kesz{z — wy[a{z), b{w)]. (1-3) 

Formula (1.3) defines a C-bilinear product for each j e Z+ on the space of all formal 
distributions with coefficients in g. 

Note also that the space (over C) of all formal distributions with coefficients in q is 
a (left) module over C[92], where the action of dg is defined in the obvious way, so that 
dzaiz) = En(^«)N^~''~^ where (5a)[„] = -na[^_i]. 

The Lie algebra g is called a Lie algebra of formal distributions if there exists a family 
^ of pairwise local formal distributions whose coefficients span q. In such a case we say 
that the family spans g. We will write (g, 5) to emphasize the dependence on ^. 

The simplest example of a Lie algebra of formal distributions is the current algebra g 
associated to a finite-dimensional Lie algebra g: 

g = g^c'C[t,t-^]. 

It is spanned by the following family of pairwise local formal distributions: 

a(2) = ^(a (g)t")2"""\ a eg. 
neZ 
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Indeed, it is immediate to check that 

[a{z),b{w)] — [a,b]{w)S{z — w). 

The simplest example beyond current algebras is the (centerless) Virasoro algebra, the 
Lie algebra 9J with basis L„ (n e Z) and commutation relations 

It is spanned by the local formal distribution L[z) — ^^^^ -^n-^"""^, since one has: 

[L{z), L{w)] = dyjL{w)S{z -w) + 2L{w)d^5{z - w). (1.4) 

The next important example is the semidirect sum 2J ix g with the usual commutation 
relations between 5J and q: 

which is equivalent to 

[L{z), a{w)] — dyja{w)S{z — w) + a{w)dyj5{z — w). 

Given a Lie algebra of formal distributions (0,5"), we may always include ^ in the 
minimal family ^ of pairwise local distributions which is closed under d and all products 
(1.3) ([4], Section 2.7). Then ^ is a conformal algebra with respect to the products (1.3). 
Its definition is given below [4] : 

A conformal algebra is a left C [5] -module R with a C-bilinear product a(„)6 for each 
n e Z_j_ such that the following axioms hold (a, b, c & R;m,n & Z+): 
(CO) a(^)6 = 0, for n >> 0, 

(CI) {da)(^ri)b = -na(^ri-i)b, a(^ri)db = d{a(^ri)b) + na(^_i)6, 
(C2) a^fo = Er=o(-l)^+^+'f 

(C3) a(^)(6(„)c) = J2jLo (7)(«0)^)(m+n-j)C+ 6(n)(a(m)c). 

Conversely, assuming for simplicity that a conformal algebra R = ®ig/C[5]a* is free 
as a C[9]-module, we may associate to a Lie algebra of formal distributions {q{R),'^) 
with basis aj^j {i & I, m & and 5 = {a'^{z) = 0[^]-s~"'~^}ie7 with bracket (cf. (1.2)): 

y{z),a^{w)] = («U)«^)H5t^^^^, (1-5) 
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so that ^ = R. Formula (1.5) is equivalent to the following commutation relations (m, n e 
Z; ijel): 

Km]:a{„]]= ( )(«(fc)a-')[m+n-fc]- (1-6) 

The simplest example of a conformal algebra is the current conformal algebra associ- 
ated to a finite-dimensional Lie algebra g: 

R{q) = C[d] ®c S, 

with products defined by: 

a(o)6 = [a, 6], = 0, for j > 0, a,b E q, 

and the Virasoro conformal algebra = C[9] ®c with products (cf. (1-4)): 

L(o)-t' = dL^ -^(1)-^ = 2L, = 0, for j > 1. 

Due to (Cl), it suffices to define products on the generators of R over C[d]. 

Their semidirect sum is k R{g) = i?(2J k g) with additional non-zero products 

L(o)'^ = cind L(i)0 = a, for a G g. These examples are the conformal algebras associated 
to the Lie algebras of formal distributions described above. 

Let (g, ^) be a Lie algebra of formal distributions, and let y be a g-module. We say- 
that a formal distribution a{z) e ^ and a formal distribution v{z) = X^^^^ '^[n]^""'""'^ with 
coefficients in V are local if 

[z - w)^a{z)v{w) = 0, for some N e Z+. (1.7) 

It follows from [4] Section 2.3 that (1.7) is equivalent to 

N-l r.. _ . 

for some formal distributions (a(j)f)(u') with coefficients in V, which are uniquely deter- 
mined by the formula 

{a(^j-)v){w) = ReSa;(2; — wY a{z)v{w). 



Formula (1.8) is obviously equivalent to 

Example 1.1. Consider the following representation of the Virasoro algebra QJ in the vector 
space V with basis , n e Z, over C: 

LmV[n] = ((A - l)(m+ 1) - n)v[m+n] + aV[m+n+l], (1-10) 

where a, A e C. In terms of formal distributions L{z) and v{z) this can be written as 
follows: 

L{z)v{w) = {dw + a)v{w)5{z — w) -\- Av{w)dwS{z — w). (l-H) 

Hence L{z) and v{z) are local. This 9J-module is denoted by M'^{a,A) for reasons ex- 
plained further. A more invariant description of the module M'=(q;,A) is as follows. Of 
course, QJ is the Lie algebra of regular vector fields on C^, where L„ = — i""*"^^, n e Z. 
For a, A e C let 

F,,^^C[t,t-']e-"'dt-\ 
The Lie algebra QJ acts on the space Fa,x in a natural way: 

{g{t)i)mdt-^ = {g{t)f{t) - \f{t)g'{t))dt-\ (1.12) 

where g(t) e C[t,t-^] and f{t) e C[t, t-^]e-"*. Then letting V[n\ = f^e'^^dt-^ identifies 
M%a,A) with F^^a-i (cf. (1.10) and (1.12)). 

Suppose that V is spanned over C by the coefficients of a family 6 of formal distribu- 
tions such that all a{z) G ^ are local with respect to all v{z) G Then we call {V, (£) a 
conformal module over {Q,d)- 

One can show ([5]) that the family € of a conformal module (V^, ^) over (q,^) can 
always be included in a larger family 6 which is still local with respect to ^, and such 
that 56 C 6 and C 6 for all a G § and j G Z+. It is straightforward to check the 

following properties for a, 6 G § and f G € (m, n G Z_|_): 

[a(m), b(n)]v = Y[ ■] {a(j)b)(rn+n-j)V, {da)(^ri)V = [9, a(^)]t; = -na(^_i)'i;. (1.13) 
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(Here [•, •] is the bracket of operators on €.) 

Therefore it foUows that any conformal module (F, (£) over a Lie algebra of formal 
distributions (g, gives rise to a module M = <B over the conformal algebra R = 
defined as follows. It is a (left) C[9]-module equipped with a family of C-linear maps 
a a|^^ of R to EndcM, for each n e Z+, such that the following properties hold 
(cf. (1.13)) for a,b E R and m,n E Z+: 
(MO) af^^v = 0, for V e M and n » 0, 

(Ml) [afLybf^,] = Er^o (7)(«o-)^)(m+n-,r 

(M2) {da)f^^^[d,af^^]=-naf^_,y 

Conversely, suppose that a conformal algebra R = ©ie/C[9]a* is a free C[9]-module 
and consider the associated Lie algebra of formal distributions {g{R),^). Let M be a 
module over the conformal algebra R and suppose that M is a free C [9] -module with C[d]- 
basis {v°'}cteJ- This gives rise to a conformal module M'^ over q{R) with basis where 
i E I, a E J and n e Z, defined by (cf. (1-8)): 

a\z)v'^{w) = K)^nHdi^-^^^. (1.14) 

In the general case one defines M'^ as the quotient of the space where M[j] is a 

copy of M, by the C-span of {(5v)[„] + nv[ri-i]\v E M,n E Z}. 
Introducing the generating series 

axh=Y,Hn)^^ and af = 5^<)^, 

n=0 ■ n=0 

which lie in R®££.[\] and Endc(M) (g)cC[A] due to (CO) and (MO), respectively, identities 
(Ml) and (M2) can be written as 

[af , - K6)r+,, (aa)f = [a, af ] = -Aaf . (1.15) 

Example 1.2. Let M be a C[a]-module. The following follows immediately from (1.15). 
(a) A i?(g)-module structure on M is given by a C-linear map a —>■ of q to Endc(M)[A] 
such that 

[ar.bff] = [a,b]r+,. (L16) 
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(b) A i?(QJ)-module structure on M is given by e Endc(M)[A] such that 

[Lr,Lff] = {X-f.)Lr+,. (1.17) 

(c) A Ki?(0)-module structure is given by Lf e Endc(M)[A] and af e Endc(M)[A] 
as in (b) and (c), satisfying (in addition to (1-16) and (1.17)) 

[Lr,aff] = -^^ar+^. (1.18) 

A conformal module (V, (B) (respectively module M) over a Lie algebra of formal dis- 
tributions (g, ^) (respectively over a conformal algebra R) is called finite, if € (respectively 
M) is a finitely generated C[5]-module. 

A conformal module (V, 6) over (g, ^) is called irreducible if there is no non-trivial 
invariant subspace which contains all v^^], n G Z, for some non-zero v & ^. Clearly a 
conformal module is irreducible if and only if the associated module 6 over the conformal 
algebra ^ is irreducible (in the obvious sense). 

The above discussions reduce the classification of finite conformal modules over a 
Lie algebra of formal distributions (s,5^) to the classification of finite modules over the 
corresponding conformal algebra. 

Example 1.3. (a) Example 1.1 gives the following family of i?(2J)-modules M(q:, A) = 
C[d] ®c C^^a: 

L(o)Va = {d + a)vA: L(^i)VA = AwA, -^(i)^A = 0, for j > 2. (1-19) 

(b) Any g-module (tt, U) gives rise to a i?(0)-module M{U) = C[d] (8)c U defined by: 

a(o)W = 7r(a)u, — 0, for j > 1, where a E Q, u E U. (1.20) 

(c) Any 0-module (tt, U) and a, A e C gives rise to a i?(9J K 0)-module M{a, A, U) = 
C[d] ®c U defined by {i > 0, j > 1): 

a(j)tt = So^i7r{a)u, L^q^u = {d + a)u, Lf^j^u = SijAu. (1-21) 

Note that the corresponding conformal modules in the cases (b) and (c) are U ®c t^^] 
with the obvious action of q and the action of the Virasoro algebra given by (1.10), where 
V[n] = V (8) and v E U. As before, we will denote these corresponding conformal modules 
by M^iU) and M^ia, A, U), respectively. 
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Theorem 1.1 [1]. Let g be a simple Lie algebra. The following is a complete list of Gnite 
irreducible, non-l-dimensional (over C) modules over the conformal algebras R{^), R{q) 
and i?(23 k g): 

(a) M{a,A), where A ^ 0. 

(b) M{U), where U is a non-trivial finite-dimensional irreducible g-module. 

(c) M{a, A, U), where either U is a non-trivial finite-dimensional irreducible g-module or 
A 7^0. 

In what follows we will always denote by a finite-dimensional simple Lie algebra. In 
the present paper we classify all extensions between two modules listed in Theorem 1.1 and 
between a module listed in Theorem 1.1 and a 1-dimensional module. In the end we also 
state, without proofs, the classification of extensions between finite irreducible modules 
over the conformal algebra corresponding to the semidirect sum of the current algebra, 
associated with the 1-dimensional Lie algebra, and the Virasoro algebra. 
Remark 1.1. Given a module M over a conformal algebra i?, we may change its structure 
as a C[9]-module by replacing 9 by 9 + A, where A is an operator on M commuting 
with all the actions of R. In particular if = o; e C we obtain a module over R where 
the action of d is replaced by d + a. Let us denote this module by Mq,. This twist by 
a for the corresponding conformal modules of Example 1.3 (b) and (c) has the following 
interpretation. If M{UY is the 0(f?)-module U ®C[t, t~^] with formal distributions {u{z) = 
Enez(^ ® ^ then M{U)l is the 0(i?)-module t/ ® C[t, t-^je""* with 

formal distributions {u'^{z) = Yln&zi'^ ® f^e~°^^)z~'^~^\u e U}. Note that in the case 
of the current algebra we have U ® C[t, = U ® C\t,t~^]e~°-^ as ^-modules. For the 
corresponding conformal modules of Example 1.3 (a) the effect of this twist corresponds 
to replacing C[t,t-^]dt^-^ by C[t,t-^]e-'^*dt^-^ . 

Let V and W be two modules over a conformal algebra (or a Lie algebra) R. An 
extension of by V is an exact sequence of i?-modules of the form 

— > V ^ F — ^0. 

Two extensions — > V-^F^W — ^ and — > V^F'^W — > are said to be 
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equivalent if there exists a commutative diagram of of the form 

— > V ^ F ^ W — ^0 

— > V ^ F' W — ^0, 

where ly '■ V — ^ V and Iw '■ W — > W are the respective identity maps and ip : F — >■ F' 
is a homomorphism of modules. 

The direct sum of modules V ®W obviously gives rise to an extension. Extensions 
equivalent to it are called trivial extensions. In general an extension can be thought of as 
the direct sum of vector spaces E — V (BW, where V is a submodule of E, while for w in 
W we have: 

a • w = aw + (f)a{w), a & R, 

where (pa '■ W ^ V is a linear map satisfying the cocycle condition: (p[a,b]{'^) = (f>a{bw) + 
acpi^iw) — (pif^aw) — hcpaiw), b & R. The set of these cocycles form a vector space over C. 
Cocycles equivalent to the trivial extension are called coboundaries. They form a subspace 
and the quotient space by it is denoted by Ext(W, V). 

The space F^^ — C[t\e~'^*dt~'^ has a natural action of the Lie algebra C 5J of 
regular vector fields on C In [3] extensions between the trivial QJ+-module and F^ := 
Fq*"^, and between F^ and F^ were considered. The classification was achieved in a 
round about way using Goncharova's theorem. The modules over the Virasoro conformal 
algebra that we consider in this paper are related to F^ as follows. In [1] it was shown 
that the modules M(0, A) over the Virasoro conformal algebra correspond precisely to 
finite conformal irreducible modules M_|_(A) over the "annihilation subalgebra" of 5J, 
namely: F^^ = M+(A)*, where * stands for the restricted dual. Thus the results of 
this paper also give the answer to the extension problem considered in [3]. Our results 
agree with the results given in there, except for a few minor discrepancies that we would 
like to point out. The cocycles for the extensions of the pairs (// = —5, A = 0) and 
(/X — -7±\/i9 ^ )^ — 5±VT9 ^ given in [3] appear to contain typos. Also in the cases when 
X = jjL and (/i = — 1,A = 0) our answers disagree slightly with the ones given there. It 
appears that in either case there should be another non-trivial extension. 

Note also that as QJ+-modules we have M+(A) ^ Fa-i/F^_i = {F^/s)*- 
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2. Extensions involving 1-dimensional module 

Recall that every finite irreducible i?(2J) -module is M{a, A) — C[d] ®c Cva defined 
by (1.19) where a e C and A 0, or else it is a 1-dimensional module (Theorem 1.1a). 
We first consider extensions of i?(5J)-modules of the form 

— >Ccf3 — >E — > M{a, A) — > 0, (2.1) 

where Cc/3 denotes the 1-dimensional -R(QJ)-module with L(^n)Ci3 = 0, for all n, and dc/s = 
(3cj3. We have E — Cc/3 © C[9]f a. The following identities hold in E: 

L(o)VA = dvA + aVA + foCi3, L{1)VA = AWA + /lC/3, A = /iC/3, i > 2, 

where fn^C and all but finitely many of them are 0. Let /(A) = X^„>o/n^. Thus 
LxVa = dvA + C(Va + AAva + f{^)cf3- Since E is a representation of -R(2J), applying both 
sides of (1.17) to va, we obtain the following condition on the polynomial /(A): 

{a + p + X + A/x)/(A) -{a + p + i^ + AA)/(/x) - (A - i^)f{X + y). (2.2) 

Put = in (2.2) we obtain 

(a + /3)/(A) = (a + /? + AA)/(0). 

Thus when cu -|- /? 7^ 0, /(A) is a scalar multiple of {a + (3 + AA). However, this polynomial 
corresponds to the trivial extension as follows: Let E = £,[d]vA® Cc^ be the direct sum 
of i?(QJ)-modules. Put v'^ = va — cp. Then a short calculation shows that L\v'^ = 
{d + a + AX)v'^ + {a + f3 + AA)c/3. Thus for the extension problem we may assume from 
now on that a + (3 — 0. So (2. 2) reduces to 

(A + A/x)/(A) -{11 + AA)/(//) = (A - //)/(A + /.). (2.3) 

So solving the extension problem above is equivalent to solving the functional equation 
(2.3) on the polynomial /(A). We have the following 
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Proposition 2.1. There are non-trivial extensions of R{^) -modules of the form (2.1) if 
and only if a + (3 = and A = 1 or 2. In these cases there exist unique (up to a scalar) 
non-trivial extensions, i.e. dimc(Ext(M(Q;, 1), Cc-q)) = dimc(Ext(M(Q:, 2), Cc-^)) = 1. 

Proof. Since the functional equation (2.3) is homogeneous, we may assume that /(A) = 
a„A", an e C We compare the coefficients of A"// and /I'^X on both sides and observe that 

(i) There are no solutions for n > 3. 

(ii) If ri = 2, 3 we must have n — 1 = A. 

(iii) If n = 1, then A can be arbitrary. 

(iv) If n = 0, then A = 0. 

Now since A 7^ 0, case (iv) cannot occur. Also the polynomial /(A) = oiA in case (iii) 
corresponds to the trivial extension as follows: Let E = M{a, A) Q) Ccp be the trivial 
extension. Set = f a - {^)cp. Then E = C[d]v'^ + Cc/3 and Lxv'^ = X^^>o -^(n)'f^A^ 
gives rise to the polynomial aiA. Thus only the polynomials corresponding /(A) = a2A^ 
and /(A) = a^X^ give non-trivial extensions with A = 1, 2, respectively. □ 
Remark 2.1. The extension of conformal modules for A = 1,2 can be realized as fol- 
lows. For A = 1 consider the natural action of 5J on the space of functions on of 
the form C[t,t-^]e-"*. This module is isomorphic to M'^(q;, 1). Let Cc_q be the trivial 
9J-module. Then E" = C[t,t-^]e-"* + Cc_a, with QJ acting trivially on C—(x while acting 
on C[t,t-^]e-'** via the formula {f{t) e C[t,t-'^], g{t) e C[t,t-^]e-'^^) 

ifit)i)9{t) = f{t)gXt)+Rest{nt)g{t))c.^. 

For A = 2 consider the space of vector fields on of the form C[t,t~^]e~°'*dt~^ . It is 
isomorphic to M'^{a,2). Letting c-a as before we have E'^ — C[t,t~^]e~°'^dt~^ + Cc-q,, 
with 2J acting as 

{f{t)i)g{t)dt-' = {f{t)g'{t)-f{t)g{t))dt-' + Rest{f"'{t)g{t))c-a. 

The case a = precisely gives the commutation relations of the Virasoro algebra with 
center Ccq. 

Next we consider extensions of i?(5J)-modules of the form 

— > M{a, A) — >E — >Cci3 — > 0. (2.4) 
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As a vector space E = C[d]vA ® Ccp. We have for n > (in E): 

L{n)Cl3 = fn{d)vA, fn{d) G C[d]. 

Let /(a, A) = En>o/n(^)S- Applying both sides of (1.17) to C/3 gives the functional 
equation: 

{d + a + AX)f{d + X,fj,)-{d + a + Afj,)f{d + A) = (A - iJ,)f{d, A + fj,). 

Replacing d hy d = d + a and letting f(d,X) = f(d — a, A) we can rewrite the above 
equation in a homogeneous form 

{d + AX)f{d + A, Ai) - (a + A/i)/(a + //, A) = (A - //)/(a, A + //), (2.5) 

so that we may assume that /(9, A) is homogeneous in d and A. 

We put /U = in (2.5) and conclude that /(9, A) is a scalar multiple of {d+AX)g{d+X), 
where g{d + A) is a polynomial in d + X, if degree of / is positive, or else f{d, A) = gq, 
ao e C. Now let 

dcp = {a + P)ci3 + a(d)vA, 
where a{d) is a polynomial in d. We use [d, Lx]ci3 = —XLxcp and conclude that 

{X + d-a- P)f{d, A) = a{d + X){d + AA). (2.6) 

It follows that a{d) is a scalar multiple of {d — a — (3)g(d). This however corresponds to 
the trivial extension. Namely, let E = M(a, A) ® Cc/3 be the direct sum of i2(QJ)-modules. 
Set = C/3 + g(d)vA- Then 

dc'f3 =(a + f3)cp + dg(d)vA = (« + /?)(c^ - 9id)vA) + dg{d)vA 
= {a + P)c'p + {d-a-l3)g{d)vA, 
Lxc'p =Lx{cp + g{d)vA) = Lxg{d)vA = g{d + X){d + AX)va. 

Thus for the extension problem we may assume that f{d,X) = ao, ao G C. In this 
case (2.6) gives q; + /? = 0, A = l and f{d, A) = a{d) = ao. This extension is non-trivial. 
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Proposition 2.2. There are non-trivial extensions of R{^) -modules of the form (2.4) if 
and only if a + (3 = and A = 1. In this case there exists a unique (up to a scalar) 
non-trivial extension. 

Remark 2.2. The extension of the corresponding conformal modules in Proposition 2.2 can 
be obtained as follows. Consider the space of 1-forms on of the form C[t,t~^]e~°'*dt, 
which is isomorphic to M^{a,0). The exact 1-forms form a QJ-submodule isomorphic to 
M'^tt, 1). It follows that C[t,t-^]e-"^dt/d{C[t,t-^]e-'^^) is the trivial 1-dimensional 2J- 
module. 

Summarizing we have 

Theorem 2.1. All non-trivial extensions between a 1-dimensional (over C) module and 
a finite irreducible conformal module M^{a, A) over the Virasoro algebra are described by 
Remarks 2.1 and 2.2. 

We will now discuss current conformal algebras. Let g be a finite-dimensional simple 
Lie algebra. Let q and R{q) denote its current and the corresponding (to q) conformal 
algebra, respectively. Let (tt, U) be a finite-dimensional irreducible (possibly trivial) g- 
module. Let M{U) be the module €.[d] ® U over R{q) defined by (1.20). A 1-dimensional 
(over C) module over the conformal algebra R{q) is Ccq, with actions: 

dcoi = ckCq., a{n)Ca = 0, a e 0, n e Z+j a e C. 

First we look at extensions of i?(0)-modules of the form 

— ^ Ccc — >E — > M{U) — > 0. (2.7) 

We have for a G 9 and u E U: 

where <^Jj : t/ — > C are C-linear maps. As before we write down the generating series 
o^Ai* = Sn>o ^(n.)'"^- Applying both sides of (1-16) to u we obtain the functional equation 



fll i — / • - ■ - ■ i — 4 ■ L->-j ■ - 
n>0 n>0 n>0 
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We compare the coefficient of A//"^"^, n > 2, on both sides and see that (p'^^ ^(u) = 0. Since 
u is arbitrary and [g, g] = g it follows that <^J^ = 0, for n > 2. 
The coefficients of 1, A, /U give 

(i) ^Un{b)u)-vt{n{a)u)^^l^,^{u). 

(ii) Vl{^{b)u) = vla,b]^u). 

(iii) -cpl{7r{a)u) = V^l^^^{u). 

(ii) is clearly equivalent to (iii) and means that (p^ : g ^ U* is a 0-module homomor- 
phism. (i) on the other hand is equivalent to saying that ip^ : Q ^ U* is a, 1-cocycle. But 
H^(5; U*) =0, hence (p^ corresponds to the trivial extension. 

Proposition 2.3. There are extensions of R{Q)-modules of the form (2.7) if and only if 
U = Q is the adjoint representation. In this case the extension is unique up to a scalar. 

Remark 2.3. The corresponding extension of conformal modules over q of Proposition 
2.3 can be realized as follows. Let (-j-) be a non-degenerate symmetric invariant bilinear 
form on g. Identifying U with q and Cc_q, with a 1-dimensional module, we have E'^ = 
Q ® C[t,t-i]e-"* + Cc_a. Then for a,b e g, f{t) e C[t,t-^] and g{t) e C[t,t-i]e-°* we 
have 

(a ® fit)) ■ {b (8) g{t)) = [a, b] f{t)g{t) + {a\b)Rest{f'{t)g{t))c_a, 

where a e C. In the case a = the extension is of course the well-known affine Kac-Moody 
algebra associated to the finite dimensional Lie algebra Q. 
Now we will give a proof of 

Proposition 2.4. There are no non-trivial extensions of R{Q)-niodules of the form 

— > M{U) — >E — >Cca — ^ 0. (2.8) 

Proof. We have 

where p^'^ : g ^ U are linear maps for j > 0. We write the generating series 

j>o i,j>0 
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Lemma 2.1. We can assume that <^*'°(a) = 0, Vz e Z+ and Va e g. 

Proof. Consider the subspace of M(U) generated by 0(0)^0:, Va G g. If is the biggest 
integer such that if^'^{a) ^ for some a e g, then a(o)CQ. C C/ © dU ® • • • ® Clearly 
this space is 5-in variant, hence the g- module generated by a(o)CQ, is a finite-dimensional 
0-module, say W. Restrict (2.8) to W and we get 

— >W — >W + Ccc, — > Cca — > 0, 

which is an extension of g-modules. This corresponds to a 1-cocycle of q with values in 
1^, which is trivial. Thus there exists a vector w & W such that 

J]]aV''°(a) =aw, VaGfl. 

i 

We define an extension of i?(5)-modules of the form (2.8) by: 

a(o)Ca = ow, 0(n)CQ; — ci{n)'^^ = aCa — aw + dw, a & Q,w & W. 

But this corresponds to the trivial extension. Namely, let = Cq — w. Then dc'^ = ac^, 
and a(^n)c'a = and hence this defines a trivial cocycle. Hence subtracting this 1-cocycle 
from our original 1-cocyle, if necessary, we may assume that a(o)Ca = 0. □ 
Thus we may assume that 

• • • A^' 
axca^ 2^ aV''^(a) — • 

i>o,j>i 

Applying both sides of (1-16) to Cq gives the functional equation 

(a + A)V(a)<^^'^(6)^- (5+/x)V(6)<^^'^-(a)^ = J] <^^'^-([a, 6])^^^^^. 

Now if (tt, U) is the trivial g-module, it follows that (p^'^ = 0, and so the E decomposes. 
Thus we may assume that U is non-trivial. 

Lemma 2.2. IfU is non-trivial, then dca = aca- 

Proof. We have = [d,a(Q)]ca = da^Q-^Ca — a^Q-^dca. Thus = —a^Q-^dca by Lemma 
2.1. Hence dca — aCa. is a ^-invariant. Since U is irreducible and non-trivial, our assertion 
follows. □ 
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Let M > 1 be an integer. We compare the coefficient of ^d^ ^ k > 1, and get 

-7r(6)(^'='^-'=(a) = <fi'''^-''{[a,b]). 

This is to say that (p'^^^-'^ : q ^ U is a g-module homomorphism. Thus we obtain 
Corollary 2.3. IfU ^5, then there are no extensions of R{Q)-inodules of the form (2.8). 
Hence we may assume, after identifying q with U, that 

(^»'-?(a) = dja, Cij e C. 

Now by (1.15) [d, 

o^xl^a — Ao^Cq.. Hence by Lemma 2.2 we have ^g^Cq; cxaxCa — -Xaxc 

a- 

Comparing the coefficients of d^X^ on both sides we obtain 

-«co,n = nco^n-i, n > 1, 

C-i—n,n ^(^i—l,n ~ f^(^i,n—li ^ ^ l^W ^ 1. 

But we know that Cj o = for z > 0. Hence if a = 0, Cj_i — TiCj which implies 
that Ci^n = for all z, n. li a ^ 0, then Cj^n = ^{ci-i,n + '^Cj.n-i)- By induction on z + n, 
it also follows that Cj^„ = 0. □ 

Translating back to the language of conformal modules over Lie algebras of formal 
distributions we obtain 

Theorem 2.2. Non-trivial extensions between a 1-dimensional (over C) Q-module and a 

conformal Q-module M'^{U), where U is a finite-dimensional irreducible Q-module, exist if 
and only if U ^ Q. They are all described by Remark 2.3. 

Finally we consider extensions of the semidirect sum i?(5J) x R{q). Recall that the 
finite irreducible modules are either M{a, A, U) or else it is a 1-dimensional (over C) 
module Cc^ with Lf^^-^^cp = ai^^^cp = 0, for all n G and dcjj = (3ci3, where /3 G C. Here 
(tt, U) is a finite-dimensional non-trivial irreducible g-module or else if U is trivial, then 
A 7^ 0. The conformal algebra acts on M{a, A, U) = C[d] (g) U via (a G g and u E U): 

a(o)W = 7r{a)u, L(q-^u = du-\- au, L(i)tt = Au. 
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We first consider extensions of K 0)-modules of the form 

— >Ccf3 — >E — >M(a,A,U) — > 0. (2.9) 

We may assume that ?7 is a non-trivial 0-module, for otherwise, due to Proposition 2.3, 
it reduces to extensions of the Virasoro conformal algebra already considered above. Re- 
stricting (2.9) to the action of R{g) and using Theorem 2.2, we may assume that 

axu =7T{a)u + X<fa{u)ci3, axci3 = LxCp = 0, 

Lxu=du-\- au-\- AXu-\- fu{X)ci3i dcf^ = jBcfj, 

where (fai'U') = for C/ ^ g, and ^Paiu) — {a\u) is a symmetric invariant bilinear form on q 
for U = and /^(A) is a polynomial in A. Applying both sides of (1.18) to u we obtain 

+ n)Va{u) = Uia)uW -ilI + a + P + AX)lI<faiu). (2.10) 

If C/ ^0, then (p = 0. From (2.10) it follows that = 0, for all u E U, and hence the 
module decomposes. Now suppose that U = g and (pa{u) = {a\u) ^ 0. (2.10) again implies 
that fu = 0, for all u E U, and A = 1 and a + /? = 0. Thus we have 

Proposition 2.5. Non-trivial extensions of i?(QJ K g)-modules of the form (2.9) exist if 
and only if a + P = 0, A = l and U = g. Identifying U with g the unique (up to a scalar) 
extension is given by (a,b E g): 

axb = [a,b\ + X{a\b)c-aj O'XC-a = LxC-a = 0, Lxa = da + aa + Xa, 5c_q, = — q;c_q,. 

Next consider extensions of i?(QJ K 0)-modules of the form 

— >M(a,A,U) — >E — >Cc(3 — >0. (2.11) 

We can assume that (tt, U) is non-trivial, due to Proposition 2.4. Using Theorem 2.2 we 
have {a e g, u e U) 

n 

oaC/3 = 0, axu^Tr{a)u, LxC/s P{d, X)ui, Lxu ^ {d + a + AX)u, 

i=l 
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where {tti, tt2, • • - Un} is C-basis of U and P{d, A) are polynomials in d and A. Applying 
both sides of (1.17) to cp we obtain 

n n 

J2ifi9 + X,f^)id + a + AA) - f{d + fi,X)id + a + Afx))ui = J] (A - fx)f{d, A + fi)ui, 
from which it follows that for z = 1, • • • , n 

f\d + A,//)(a + a + AA) - f\d + A)(9 + « + A/x) = (A - ^l)f\^, A + /x), 

which is precisely (2.5). Non-trivial solution to (2.5) exists only when A = 1 and /* = a*, 
where a* e C. Now applying both sides of (1.18) to cp we obtain 

n 

J]r(a + //,A)7r(a)«i = 0, Vaes. 

Thus 7r(a)(^"^]^ a*tti) = 0, for all a e g. Since C/ is non-trivial and ui, • • • , is a basis of 
t/, it follows that a* = for all z. Thus the module decomposes. Translating to conformal 
modules we have 

Theorem 2.3. Non-trivial extensions between a l-dimensional (over 2J k Q-niodule 
Cc/3 and a conformal module M'^{a, A, U), where U is a Gnite-dimensional irreducible 
non-trivial Q-module, exist if and only if a = f3,U = Q and A = 1. These are precisely the 
Q-modules of Remark 2.3, with completely reducible action of 5J. 

3. Extensions of Virasoro conformal modules 

In this section we will study extensions of i?(9J)-modules of the form 

— > M{a, A) — >E — > M{(3, A) — > 0. (3.1) 

As a C[9]-module, we identify E with the direct sum of M(q!, A) and M(/3, A). We have 
Law A = dv^+av2,+AXv^ and Lxva = dvA+f3vA+AXvA+J2n>o fn{d)^VA, where fn{d) 
is a polynomial in d for each n and fn{d) = forn >> 0. Putting fid, A) = Ylin>Q /"(^) nl' 
we obtain, applying both sides of (1.17) to va-, the functional equation 

(A - At)/(a, A + At) =(a + A + A// + /3)/(a, A) + (9 + a + AX)f{d + A, //) 

-(a + + AA + /?)/(a, ii)-{d + a + Aij,)f{d + fx, A). (3.2) 

18 



Putting /X = in (3.2) we get, after simplification, 



{P - a)f{d, X) = {d + AX + P)f{d, 0)-{d + a + AX)f{d + A, 0). 

So if 7^ 0, then f{d, A) is a scalar multiple of {d+AX + P)g{d) - (d+a + AX)g{d+X), 
for some polynomial g. But such a polynomial gives rise to the trivial extension as follows: 
Let E = M(q;, A)©M(/3, A) and set v'^ = VA+g{d)v^. Then a straightforward calculation 
shows that Lxv'^ precisely gives rise to this polynomial. Thus we may assume from now 
on that a = p. Next we put d = d + a in (3.2) and let /(9, A) = f{d — cu. A). Then the 
functional equation (3.2) becomes 

(A - /x)/(a, A + /x) =(a + A + A^)/(a, a) + (a + AA)/(a + a, ^) 

-{d + fi + AA)/(a, fi)-{d + A^i)J{d + /X, A). 

However, we will continue to write d for d and / for /, but keep in mind that in the case 
when q; 0, we need to perform a shift by a in order to get the correct solutions in this 
case. Thus we are to solve the functional equation 

(A - ii)f{d, X + ii)={d + X + A^)f{d, A) + (a + AA)/(c» + A, ^) 

(3.3) 

+ + AX)f{d, fi)-{d + A/x)/(a + /X, A). 

By the nature of (3.3) we may assume that a solution is a homogeneous polynomial 
in d and A of degree n. Hence we will assume from now on that f{d, A) = Yl^=o "'A-', 
ttj G C. The non-negative integer n is called the degree of the extension. 
Remark 3.1. The polynomial 

{d + XY-\d + AX) - {d + AX)d''-^ (3.4) 

is always a solution to (3.3). However this solution corresponds to the trivial extension for 
n > 1 as follows: Let E = C[d]v^ © C[d]vA and va,Va be the corresponding generators. 
For n > 1 we set v'^ = VA+d"'VA and v'^ = Va- Then the polynomial f{d, X) corresponding 
to £^ = €[5]^^ © C[5]f^ in the basis v'a and v'^ is precisely (3.4). 

Lemma 3.1. Let f{d, A) = Y1^=q Q'jd^~^X^ he a solution to (3.3). If oq 7^ 0, then either 
(i) n = and A = A, or else 
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(ii) n=l with A = and A = 1. 

Proof. Setting = in (3.3) we obtain {d + AX)f{d + A, 0) = (9 + AX)f{d, 0). Hence 
aoA{d + A)"+i + ao(A - 1)5"+^ = ao(A - l)d{d + A)" + aoAd'^id + A). This gives, since 
ao 7^ 0, 

A(a + A)^+i + (A - 1)9"+^ = (A - + A)" + Aa"(a + A), 

from which the assertion foUows immediately. □ 

Solutions of small degrees can be checked directly. We have 

Proposition 3.1. All solutions of (3.3) of degree less than or equal to 2 are as follows: 

(i) A) = ao for A = A. It is non-trivial for gq ^ 0. 

{a) f{d, A) = aiA for any A, A e C. It is equivalent to the trivial extension for A A. 

It is non-trivial in the case A = A and ai ^ 0. 
(Hi) f{d, A) = aod + aiX for A = 1 and A = 0. It corresponds to a non-trivial extension if 

and only if oq 7^ 0. 

(iv) f{d, A) = ~"2(A _ A _j_ (22A^, for A arbitrary and A ^ 0. This is equivalent to the 
trivial extension. 

(v) f{d, A) = aidX, for A 7^ 1 and A = 0. This corresponds to the trivial extension. 

(vi) f{d,X) = aidX + a^X'^, for A = 1 and A = 0. The corresponding extension is non- 
trivial unless ai = 02 = 0. 

Proof. The fact that these are all the solutions can be verified directly, (i) is obvious. 
Let E = C[d]vA®C[d]v^ be the trivial extension and let va and v^, be the corresponding 
generating vectors. For (ii) note that by the change of basis v'^ = va + (a-a) '^^ 
v'^ = Va we obtain the polynomial solution of (ii). Hence it is equivalent to the trivial 
extension when A ^ A. (iii) then follows from (ii) and the fact that f{d, A) = aod obviously 
cannot be a trivial solution. For (iv) we take Va=va + ^^'^a and v'a = va in order to 
see that it is indeed the trivial extension, while for (v) we take v'^ = va+ (1" a) ^'^a 
v'^ = Va- (vi) can be checked directly. □ 

Lemma 3.2. Let f{d, A) = X]j=o cijd^~'' be a solution of (3.3). If n > 2 and n + A — 
A — 1 7^ 0, then f{d, A) is a scalar multiple of (3.4). If n + A — A — 1 = and n > 3, then 
ai = 0. 

20 



Proof. Differentiating (3.3) witli respect to A we obtain 

(A - ii)fxid, A + //) + fid, A + //) = (a + A + A/x)/A(a, A) + fid, A) 

(3.5) 

+id + AX) f aid + X,fi)+ Afid + A, /i) - A/(c>, fi) ~ id + A^)/a(c> + fi,X), 
wliere fg and fx above denote tlie partial derivatives of fid, A) witli respect to d and A, 
respectively. Now we put A = and get 

-f^fxid, //) + fid, fi) = id + Ati)fxid, 0) + fid, 0) + dfaid, fi) + Afid, fi) 

-Afid,^)-id + A^)fxid + ^,0). 
Since n > 2 we may assume by Lemma 3.1 that gq = 0. Also fxid, 0) = aid^~^. Combined 
with the fact that dfgid. A) + Xfxid, A) = nfid. A) we can simplify the above equation to 

(n + A - A - l)fid, ii) = at Hd + /x)"-^ id + A/x) - id + A//)a"-^). 

Now if (n + A — A — 1) 0, then fid. A) is a scalar multiple of (3.4). Since for n > 3 
id + //)"~-^(5 + Afi) — id + Afi)d'^~^ is non-zero, the second assertion follows. □ 

Remark 3.1, Proposition 3.1 and Lemmas 3.1 and 3.2 allow us to assume from now 
on that n > 3 with n + A — A — 1 = 0, ao = oi = 0. Note that in this case we always have 
scalar multiples of (3.4) as non-zero solutions, which however correspond to the trivial 
extension. 

Proposition 3.2. If there exists a non-trivial extension of the form (3.1 ), then A — A is 
a non-negative integer. Furthermore if A — A > 1, then there exists at most one (up to a 
scalar) non-trivial extension. 

Proof. The cases when ao7^0,ai7^0or?7,<2 are dealt with in Proposition 3.1. Hence 
we may assume that oq = oi = and n — 1 = A — A. We set A = // in (3.5) and obtain 
fid, 2A) =id + (A + l)X)fxid, X) + il- A) fid. A) + Afid + X, A) 

+ id + AX)fdid + X,X)-id + AX) fxid + A, A). 
We substitute fid. A) = Yl^=o ajd^~^X into the equation above and, comparing coefficients 
on both sides of the resulting equation, we get 



(2^ - ik^ - k+2))a, = J2in - j) . a, + A g(n - j) (^^ J. _ j) a. 



k-l / . \ fc-1 



(3.6) 
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and 

n-l 

(2" - (n^ - n + 2))an = A J^(n - 2j + l)aj. (3.7) 

Now (2^= -{P-k + 2))y^0 for A; > 4. Hence (3.6) and (3.7) are recursion formulas for a-,- 
with j > 4. As ao = oi = 0, it follows that every aj, for j > 4 is determined by 02 and 
03. Since any scalar multiple of (3.4) is always a solution of (3.3), it follows that the space 
Ext(M(Q!, A), M(q!, A)) is at most 1-dimensional. □ 

We will continue to assume that ao = ai = and A — A = n — 1. Put A = — in 
(3.3) and we obtain 

{d+{l-A)X)fid,X) + {d+AX)f{d+X,-X)^{d+{A-l)X)f{d,-X) + {d-AX)f{d-X,X), 

from which it follows that F{d, A) = (9 + (1 - A)X)f{d, X) + {d + AX)f{d + A, -A) is an 
even function with respect to A. Now the d^~^^~''X''-th coefficient of F{d, A) is 

(1 + (-i)'=)a, + (1 - A)afc_i + J2i-^y (l Z ^-l + ^ E(-i) 

For F{d, A) to be an even polynomial in A we must have for 1 < < n and k odd 

(1 - A)a,_, + j2yy {I I •) + ^ J2yy {k-~j-i) = °- ^^-^^ 

We will now use recursion formulas (3.6), (3.7) and (3.8) to prove the following 

Proposition 3.3. Non-trivial extensions of the form (3.1 ) with a = P = of degree n> 6 
occur if and only if (A, A) is one of the following pairs: 

(.0), a,-4), 

Proof. The main idea of the proof is to employ the above mentioned recursion formulas and 
derive a formula relating 02 and 03. Now for the space of extensions to be 2-dimensional, 
02, as must be independent parameters. Hence we obtain 2 equations involving A and n 
that must be satisfied simultaneously. This gives the required restrictions. 
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By assumption A — A > 5 and n > 6. From (3.6) and (3.7) we obtain the following 
formulas: 

04 = -^(n-2)(n-3)(n-4+3A)a2 - ^(n - 3)(n - 4 + 2A)a3, (3.9a) 

as = Y^(n - 2)(n - 3)(n - 4)(n - 5 + 4A)a2 - ^(n - 4)(n - 5 + 2A)a4, (3.96) 
32a6 = A(3a2 + 03 — 04 — 305), for n = 6, (3.9c) 

32a6 = ^(n - 2)(n - 3)(n - 4)(n - 5)(n - 6 + 5A)a2 

+ ^(n - 3)(n - 4)(n - 5)(n - 6 + 4A)a3 

- ^(n-4)(n-5)(n-6 + 3A)a4- ^(n-5)(n-6 + 2A)a5, forn > 7, (3.9cJ) 

84a7 = — (n - 2)(n - 3)(n - 4)(n - 5)(n - 6)(n - 7 + 6A)a2 
180 

+ ^(n - 3)(n - 4)(n - 5)(n - 6)(n - 7 + 5A)a3 -\{n-h){n- 6)(n - 7 + 3A)a5 

-2(n-6)(n-7 + 2A)a6, (3.9e) 

198a8 = A(5a2 + 3a3 + 04 — as — 3a6 — Say), for n = 8, (3.9/) 

198a8 = T7^(n - 2)(n - 3)(n - 4)(n - 5)(n - 6)(n - 7)(n - 8 + 7A)a2 
llJUo 

+ -^(n - 3)(n - 4)(n - 5)(n - 6)(n - 7)(n - 8 + 6A)a3 

+ — (n - 4)(n - 5)(n - 6)(n - 7)(n - 8 + 5A)a4 
120 

- ;^(n-5)(n-6)(n-7)(n-8 + 4A)a5 - J(n - 6)(n - 7)(n - 8 + 3A)a6 
5 

- 9 - 7) (n - 8 + 2A)a7, for n > 9. (3.9t/) 

Zi 

Now we look at (3.8) and for /c = 7, 9 derive 

4a6 = — (n - 2)(n - 3)(n - 4)(n - 5)(n - 6 + 5A)a2 

-TrAn- 3)(n - 4)(n - 5)(n - 6 + 4A)a3 

1 - 1 

+ -(n - 4)(n - 5)(n - 6 + 3A)a4 - -(n - 5)(n - 6 + 2A)a5, (3.10a) 
6 2 

Gag = 77777t(^ - 2)(n - 3)(n - 4)(n - 5)(n - 6)(n - 7)(n - 8 + 7A)a2 
5040 

^ (n-3)(n-4)(n-5)(n-6)(n-7)(n-8 + 6A)a3 (3.106) 



720 
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+ — (n - 4)(n - 5)(n - 6)(n - 7)(n - 8 + 5A)a4 

- ^{n- 5)(n - 6)(n - 7){n - 8 + 4A)a5 

+ -{n- 6)(n - 7)(n - 8 + 3A)a6 - -(n - 7)(n - 8 + 2A)a7. 
6 2 

First we consider the case n = 6, i.e. A — A = 5. We plug in (3.9a), (3.9b) and (3.9c) 
into (3.10a). Using (3.9a) and (3.9b) to get rid of the terms 04 and 05 in the resulting 
equation, we obtain an equation involving only 02 and 03. To be more precise we have the 
following equation 

(24A + 30A2 + 6A^)a2 - (24A + 18A'^ + 3A^)a3 = 0. 

Now in order to have a non-trivial extension a2 and 03 must be independent parameters. 
Thus we must be able to solve the equations (24A + SOA'^ + 6A^) = and (24A + 18A^ + 
3A^) = simultaneously. It can be checked that the only solutions are A = and A = —4. 

For the case n > 7, i.e. A — A > 6, we proceed as before. Here we use (3.9a), (3.9b), 
(3.9d) and (3.10a). Wc derive the following equations on A and n: 

{n - 3)(n - 4)(n - 5)(n^ + (4A - 7)n + 4A2 - 8A + 6)(n - 2)(n - 3 + 2A) = 0, 

-{n - 3)(n - 4)(n - 5)(n^ + (4A - 7)n + AA"^ -8A + 6)(n - 2 + 3A) = 0. 
Since n > 7, this gives A = (^-'^)^^^ Jl:il _ ^j^g ^a^gg ^vhen n = 7 we get A = — | ± 

The case of n = 8 is checked via Equation (3.3). The reason here is that the approach of 
n = 6,7 above is not sufficient to rule out the existence of non-trivial extensions. However, 
it can be verified directly, by plugging in a homogeneous polynomial into (3.3), that there 
are no solutions that is not a scalar multiple of (3.4). To perform this calculation we have 
used the software package Maple V Release 3. 

We now consider the case n >9. In this case we plug in (3.9a), (3.9b), (3.9d), (3.9e) 
and (3.9g) into (3.10b). We again obtain an equation involving only 02 and 03, namely 

(n - 3)(n - 4)(n - 5)(n - 6)(n - 7)A{n, A)((n - 2)(n - 3 + 3A)a2 - 3(n - 2 + 2A)a3) = 0, 

where 

A{n, A) = 48A^ + 96(n - 2)A^ + {72n'^ - 386n + SOS)A'^ 

+ (24n^ - 224n2 + 968n - 1232) A + 3n^ - Un^ + 267n^ - 946n + 720. 
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As before, the coefficients of 02 and must be in order for them to be independent 
parameters. This gives two equations that must be simultaneously satisfied for n > 9: 



(n - 3)(n - 4)(n - 5)(n - 6)(n - 7)A{n, A)(n - 2)(n - 3 + 3A) = 0, 
(n - 3)(n - 4)(n - 5)(n - 6)(n - 7)A{n, A)(n - 2 + 2A) = 0. 

Since n > 9, we have A{n, A) — 0. In addition the case of n > 7 considered above also tells 
us that A = (^~"')=*^V3n-2 ^ looking for integers n > 9 satisfying the equation 

A{n, (2-")±V37r^ ) ^ Q_ j^g^^g verified using Maple V Release 3 that the only integer 
solution is n = 1. □ 

We summarize the results of this section in the following two theorems: 

Theorem 3.1. The complete list of solutions to (3.3), corresponding to non-trivial ex- 
tensions of R{^)-modules of the form (3.1) with a = P = 0, is given as follows, where in 
cases (iii)-(vii) 02, 03 e C are such that f{d, A) is not a multiple of (3.4): 

(i) A = A with A e C. f{d, A) = ao + aiA, (oq, ai) ^ (0, 0). 

(ii) A = 1 and A = 0. f{d, A) = aod + bodX + biX^ , where (ao, 60, &i) 7^ (0, 0, 0). 
(Hi) A- A = 2, with A e C. f{d, A) = X'^{a2d + a^X). 

(iv) A - A = 3, A e C. f{d,X) = X^{a2d^ + a3dX+ |(a2 - 03) A^). 

(v) A - A = 4, A e C. fid, A) = X^{a2d^ + a^d^X + |((3A + 1)02 - (2A + l)ai)dX^ + 
A((l-3A)a2 + (2A + l)a3)A3). 

(vi) A = 5 and A = 0. f{d, A) = aaA^a^ + a^^d^X^ + (2a2 - la:i)d^X'^ + ^"^^"^ dX^ . 
(vV) A = lai2dA = -4. f{d,X) = a2X^d^ + azd^X'^ + {^^i^^^)d^X'^ + {^-na2)dX^ + 

|(7a3-20a2)A6. 

(^vii; A = I ± ^ and A = -I ± /(a. A) = (f Aa2 - Aa3 + §02 - 4a3)A7 + 

(IIA02 + |a2 - 3Aa3 - az)X^d + (-3Aa3 + llAa2 + la2)X^d'^ + (-3a3 + 5Aa2 - 2Aa3 + 

5a2)A4a^ + asA^a^ + a2A2a^ 

Proof. (i), (ii) follows from Proposition 3.1. (iii)-(vii) follows from Proposition 3.2, 
Proposition 3.3 and the fact that these polynomials indeed satisfy Equation (3.3). □ 

Theorem 3.2. Non-trivial extensions of the form (3.1) exist only if a = (3. Furthermore 
for each a e C the polynomials of these non-trivial extensions are obtained from the 
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polynomials of Theorem 3.1 by replacing d by d + a. The space Ext{M{a, A), M(q!, A)) 
is 2-dimensional in case (i), 3-dimensional in case (ii), 1-dimensional in cases (iii)-(vii) of 
Theorem 3.1, and is trivial for all other values of A and A. 

In conclusion of this section we provide an explicit formula to translate the exten- 
sions in Theorem 3.2 into the language of conformal modules. Recall that M^{a,A) = 
C[t,t-^]e-°*dti-^. We will identify these modules. 

Consider the extension of conformal modules 

— > M\a, A) — ^E" — > M%a, A) — > 0. 

Then as a vector space E"" ^ C[t, t-^]e-"*(it^-^ © C[t, t-^]e-°*dti-^. Now 5J acts on 
C[t,t"^]e-°*6?t^-^ as in (1.12), while on C[t, t"^]e""*dt^"'^ its action is given by (with 
h{t) e C[t,r^] and g{t) e C[t, t-^je""*): 

{h{t)i){g{t)dt'-'^) = ((1 - A)/.'(t)^(t) + h{t)g'{t))dt'-'^ 

- a^k{-lnj2 (') h^'^'^'^ it)g^'Ht))dt'-^, (3.11) 

i,k j=0 ^-^^ 

where f{d, A) = ^ aij-d^X^ is a polynomial in Theorem 3.1 determining the extension of 
the corresponding i?(5J)-modules, and h^'^\t) denotes the z-th derivative with respect to t. 

To see this, we may assume that a = 0, due to Remark 1.1 and Theorem 3.2. The 
first two summands on the right hand side of (3.11) are clear. In order to see the last 
summand note that modulo M'^(0, A) we have 



i,k 

But now one can show that 



m+l\/'m + n+ l — k 



Using this identity (3.11) follows. 
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4. Extensions of current conformal modules 

Throughout this section we let g be a finite- dimensional simple Lie algebra. In this 
section we consider extensions of i?(0)-modules of the form 

— > M{V) — — > M{U) — > 0. (4.1) 

First we study the case when M{U) = C[d]U and M{V) = C[d]V, where (tt, U) and 
(p, V) are non-trivial irreducible representations of q. Wc shall identify E with the direct 
sum of C[9]-modules M{U) and M{V). We have for a e g, f e V and u e U: 

axv = p{a)v, axu = 'K{a)u+ X'd'^if^^^u, (4.2) 

where i^'^ : q®U ^ V are C-linear maps. Let us write a(o)tt = 7r(a)'u -|- ^a{u), where 
C[9]y is a linear map. This gives rise to a C-linear map $ : g [/* ® C[9]F. 
Since $ is the restriction of our original 1-cocycle to g, it is a 1-cocycle of g. However 
Im$ is contained in a finite-dimensional g-module and therefore, due to the fact that 
H^{Q'i = for any finite-dimensional g-module there exists u & U* ® £\d]V such 
that $a = a • a;. This a;, as in the proof of Lemma 2.1, allows us to define an extension, 
equivalent to the trivial extension, and therefore, replacing uhj u — uj{u) if necessary, we 
may assume that a^Q-^u = 7r{a)u. This reduces (4.2) to 

axu = 7r{a)u + ^ X^d^^p^^^u. 

j>l,k>0 

Applying both sides of (1.16) to u we obtain, the following identity: 



i,k j,k j,k 



(4.3) 



where j > I and k >0. We will now proceed to study identity (4.3) in detail. Before doing 
so we need the following 
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Lemma 4.1. Let (tt, U) and (p, V) be two non-trivial irreducible representations ofg. Let 
T : Q®U -^V be a homomorphism of g-modules. Suppose that p{a)T{b ®u) + p{b)T{a 
u) = 0, Va, beQ. Then T = 0. 

Proof. Let f) be a Cartan subalgebra of Q. Let cui, • • • , a; be a set of simple roots. Let 
Ci e Q^. and fi e 9-ai ■ Let uq and vq be highest weight vectors of U and V, respectively. 

Define Ta : U ^ V hj Ta{u) = T{a (E) u). Since T is a g-homomorphism, we have 
p(a)Tb{u) = Ti,7r{a){u) + Tj^ (tt), for all a, 6 G and u E U. This together with the 
hypothesis of the lemma gives Tan{b){u)+Ti,7r{a){u) = for all a, 6 e g. Thus in particular 
Ta'7^{ei)uo + Tg.7r{a)uo = 0. Hence Tg^7^{a)uo = for all a E Q. In particular, Tg.7r{h)uo = 
for all /i e f). Since U is non-trivial, it follows that 

Te,«o = 0, yi = !,■■■, I. (4.4) 

Now p(a)Te,tto + p{ei)TaUQ = 0, Va e g. So by (4.4) we have p{ei)TaUo = 0, Va e g. 
Since T is a 0-module homomorphism, we have = p{ei)TaUo — Tjg. „]Mo +2a7r(ej)uo- 
Thus T[e. ,j]Wo = 0, Va e 0. Therefore, in particular: 

ThUQ = 0, V/i e f). (4.5) 

We will now show that TaUo = 0, for all a G 0, hence T(g ® uq) = 0. From this it 
follows readily that T = 0, since T is a g-homomorphism. 

We have p{a)Te^uo + p{ei)TaUQ = 0. So by (4.4) we have TaUo = cvq, for some c G C. 
Now p{a)ThUQ + p{h)TaUQ = together with (4.5) gives cp{h)vo = 0, for all h E i). But F 
is non-trivial, hence c = 0. □ 

We now turn our attention to (4.3). (4.3) is a polynomial identity in the variables 
d, A, p. We obtain the following identities by comparing the coefficients of the polynomials 
of degree 1 and 2: 

The first two identities mean that (p^'^ and <^^'° are g-module homomorphisms. We will 
come back to the third identity later. 
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Let us now compare the coefficients of polynomials of degree M in (4.3), where M > 3. 
Comparing the coefficients of X^'^d^, A^-^//^ X^'^-^/i^d and X'/i'd^'^', respectively 
we obtain the following identities: 

(a) ^^-'^Mb) - P{h)^f-''^ = < /c < M - 1. 

(b) p{aW^^-^ - p{h)<pf-^'^ = )^;^;°, 1 < i < M - 1. 

(c) iM-j)pia)ri'''-' - (j + l)pib)^^-^-''^+' = r/'X^]'''' l<j<M-2. 

(d) r->(a)v.^'^-^ - rr)pibM''-' = i < ^ < f • 

Proposition 4.1. For M > 3 we have 

(i) ip^~^''^ : Q0U is a g-homomorphism for < k < M — 1. 

(ii) (fi^^-i = (p^-^'i, l<j<M-l. 
(Hi) ip^-^'^ = (^)pM,o^ 1 < j < M - 1. 
(iv) p{b)^y = V^f 'V(a). 

Proof, (i) is precisely the statement of (a). Now interchanging a and b in (b) above we get 

pibU^""-^ - P{a)vf-''' = -(T)^S- ^^^^^g Pi^Kri'""-' - + 

p{b){pl^^-^ -ip^-^'^) = 0. It follows from Lemma 4.1 that p^'^'^ = (^^"J'^', proving (ii). 

Next we interchange a and b in (c) and get (M — j)p{b)(p^^^~^ — {j + l)p{a)(p^~-'~^''^'^^ = 

~{^j~^)'P[tb]^'^- before we add (c) to this identity and arrive at 

p{a)iiM-j)pi''-^-{j + l)p^-^-'^^+')+pib)iiM-j)p^^^^ 

Using Lemma 4.1 again we obtain {M-j)<f^^^-^ = [j + . Thus by (ii) (M- 

j)pM-jd ^ ^ i-^^M-j-i,j+i^ Yvence p^-^'^ = (^)^^'°, for < j < M - 1. Finally 
substituting (iii) into (d) we obtain (^"^ (f ) (p(a)<^f '°-p(6)<^f '°) = ^^^^^ 

• 1 4. 4- r \ M:,0 /i\ mo M,0 T-, 1 . M,0 1 / \ M,0 M.O I \ 

IS equivalent to p{a)Lp^ - pibjip'^''" = (f^^'^^^y Replacmg by p{a)(f,^ - "fit ' 

(due to (a)), (iv) follows. □ 

An immediate consequence of Proposition 4.1 (iii) is the following 

Corollary 4.1. For M > 3, j > l,k > we have 

J2 A^a'=^^''= = ((a + A)^-a^)^^'0. 

j+k=M 

In particular (fi^'-^~^ is determined by (p^'^. 

We will next study the identity (iv) in Proposition 4.1. 
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Lemma 4.2. Let (tt, U) and (p, V) be non-trivial irreducible representations of Q. Let 
T : Q<SiU be a Q-homomorphism such p{a)T(h ® u) — T{a ® n{b)u), for all a,b E Q. 
(i) If (tt, U) ^ (p, V), then T = 0. 

(a) If (tt, U) = (p, V), then there exists cq G C such that T{a u) = co7r{a)u, for all 
a e g,u e U. 

Proof. We will continue to use the notation in the proof of Lemma 4.1. Let furthermore 
A and A' denote the highest weights of the representations tt and p, respectively. For a e g 
we have p(a)Te.wo = Ta7r{ei)uo by hypothesis. Since uq is a highest weight vector, we have 
p{a)Te.UQ = 0, for any a E Q. But U is non-trivial, hence T^Mq = 0. 

Now for h e i), p{ei)ThUo = Te.7r(/i)wo = A(/i)Te,'Uo = 0. Thus T^uo = c{h)vo, for 
some c e f)*. 

Suppose that U ^ V. Since T is a g-homomorphism we also have p{h')ThUQ = 
Th7T{h')uo for h,h' G f). Hence A'{h')c{h)vo = A{h')c{h)vo, which implies that (A(/i') - 
A'(/i'))c(/i) = 0, V/i, /i' G [) and hence c = 0. Therefore T/.-uq = 0. Thus A(/i)T„tio = 
Ta'n{h)uQ = p{a)ThUo = 0, Va e g, /i G f). But A 0, hence TaUo = 0, Va e g. It follows 
that T = 0, proving (i). 

Suppose that U = V. By assumption 7r{h)Th'Uo = Tfi7r{h')uo, \/h, h' e f), which is 
to say that K{h)c{h')uQ = A{h')c{h)uo, V/i, h' G f). Since A 7^ 0, there exists /iq G f) 
such that A(/io) ^ 0. Thus c{h) = |^A(/i), for all /i G f). Set = cq, and we 

have c{h) = coA{h) and thus T/jtto = coA{h)uo, \/h G f). Thus A{h)TaUQ = Ta7r{h)uo = 
7r{a)Th,uo = co7r{a)A{h)uo, E Q,h E i). Since A 0, this gives TaUo = co7r(a)tto, Va G g. 
(ii) follows then from the fact that T is a g-module homomorphism. □ 

From Lemma 4.2 and Proposition 4.1 (iv) we obtain immediately. 

Corollary 4.2. Let M > 3. 

(i) If (tt, U) ^ (p, V), then ip^^^ = 0. 

(ii) If (tt, U) ^ (p, V), then cp^'^ = CM7r(a), Va G g and cm G C. 
Proposition 4.2. 

(i) If (p, V) ^ (tt, t/), tien axu = 7r{a)u + X(p^'^{a (g) w) + ^^(p^'^ia ^u) + 2Xd(fi^'^{a ® u) 
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(ii) If{p,V) ^ (tt, t/), then axu = 7r{a)u + X(fi^^'^{a<S>u) + X'^(fi^^'^{a<S)u) + 2Xd(fi^''^{a<S)u) + 

J2m>3 cm(((^ + A)-^ - d^)7r{a)u, for some cm e C. 
(Hi) In (i) and (ii) above we have p{a)ipl'^ — p{h)(f\'^ = <p'^^^, Va, b E g. 

Remark 4-1 ■ The formula in Propositfon 4.2 (ii) above can be brought to the form 

axu' = ■n{a)u' + Av7^'°(a O u') + A^(^^'°(a ® u') + 2Xd(p^'^{a ® u'), 

by making a suitable choice of U' C C[d]{U © V) such that U' = U (as g-modules) and 
C[a](t/ © y) = C[d]{U' © F). Explicitly we set u' = u - J2m cmO^u, where u here is to 
denote that it is an element of V corresponding (via an isomorphism of g-modules) to u, 

and leave V unchanged. 

Remark 4-2. Here we need to single out the s/2 case. In this case we can view Proposition 
4.2 (iii) above as the definition of <^^'°. It can be readily checked (using the fact that (p^'^ 
is a 0-homomorphism) that, in the case of 5^2) <fi'^'^ is indeed a g-module homomorphism. 
This discussion leads to the classification for Q = SI2. 

Theorem 4.1. Non-trivial extensions of the form (4.1) for q = SI2 with (tt, U) and (p, V) 
non-trivial irreducible Q-modules exist only if (tt, U) ^ (p, V). They are given by: 

axv = p{a)v, axu = n{a)u + X(p^''^{a ® u) + X^(p^'^{a ® u) + 2Xd(~p^'^{a ® u), 

where aEQ, ueU,veV and : Q<®U V are arbitrary homomorphisms of 

g-modules, and <^^'° is determined by 

p(a)^;'^-p(%^'i = V^J;°,j, Va,6e0. (4.6) 

Proof. If t/ ^ V, it follows from Proposition 4.2 (i) and Remark 4.2 that all non- 
trivial extensions are of form above. Now if U = V note that the map (f : Q®U — > t/ 
defined hj ip{a ® u) := 7T{a)u is a homomorphism of g-modules. Since U appears with 
multiplicity 1 in the Q ® U it follows that when (tt, [/) = {p,V) Lp^'^{a ® w) = Ci7r(a)w 
and ip^'^{a <® u) = C2n{a)u, for some ci,C2 G C. Thus the formula in Proposition 4.2 (ii) 
reduces to 

axu = 7r{a)u + J] cm((5 + A)^ - d^)7r{a)u, cm e C. 

M>1 

By Remark 4.1 such extensions are equivalent to the trivial extension. □ 

For Section 5 we need to understand formula (4.6) better. In fact we will need 
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Lemma 4.3. Let (tt, U) and (p, V) be non-trivial non-isomorphic Snite-dimensional irre- 
ducible representations of SI2 of dimensions m+1 and n+1, respectively. Let (p^'^ <^^'° 
be the linear map defined by (4.6). Then the map ip^'^ — ^ t/?^''^ is a bijection. Furthermore 
(^2,0 _ Qip'^A^ where c = ^^^^^ ifn = m + 2, and c = if n = m — 2. 

Proof. Note that in order for (p^'^ and <^^'° to be non-zero and U ^ V, we must have 
n = m + 2 or n = m — 2. 

Since (p^'^ is a g-module homomorphism, we may write (4.6) as 

= ^'M<') - VaMb) + 2^f^;,j. (4.7) 
Thus for the basis e, /, h of SI2 we obtain from (4.7) 

-2^Y =^YiT{h) - ^i'V(/) - 4^/, (4.8) 
^l' =<^}' V(e) - + 2ri'^ 

Suppose that <^^'° = 0. We will show that <^^'^ = 0. For this let uq be a highest vector of 
the sZ2-niodule U of highest weight m. Then applying (4.8) to uq (using (/?^'° — 0) we get 

ipYuQ = 0, (m - 2)ipYuo = p{f)(pYuo, V>h^uo = 0. 

Thus (m — 2)(pYuo = 0. Hence if m 7^ 2, then (p^'^uo = 0, for all a e g, and so cp^'^ = 0. 

Now suppose that m = 2. If ip^'^o 0, then ip^'^o has maximal weight in V and 
hence must be a non-zero scalar multiple of the highest weight vector in V. But ^uq 
has weight m — 2 = and so V has highest weight 0, which is a contradiction, since V 
is nontrivial. Thus (f^'^o ~ ^ ^^^^ '^^'^ = as well. This proves the first 

claim of the lemma. 

We have <^^'° = c(p^'^. Applying (4.8) to uq we get 

2c(^g'^ito =(m + 4)(y9g'^ito, 
-2c(/7}.'^'Uo =(to - 4)<y?J'^uo - (^Jj'V(/)wo, 
ap^uo = - (py7T{f)uo + 2(pYuo, 
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from which we derive (since (p^'^ is a 0-homomorphism) the following equations: 

(m + 4 - 2c)(fl'^uo = 0, (m - 2 + 2c)(/pJ.'^uo = p{f)ip];^uo, (1 - c)ip];^UQ = p{f)ipYuQ. 

If neither of the numbers (m+4— 2c), (m — 2+2c), (1 — c) is 0, then <^^'^ = and so </?^'° = 0. 
So we can assume that ip^'^ ^ and one of the numbers (m + 4 — 2c), (m — 2 + 2c), (1 — c) is 
0. It is easy to see, since m > 0, that only one of the numbers can be 0. Thus we consider 

three cases: 

(i) m + 4 — 2c = and so pI'^uq ^ and p^^-^ = p]^^ = 0. 

(ii) m — 2 + 2c = and so <^^'^tto 7^ and Lp\'^ = (pj^^ = 0. 

(iii) 1 — c = and so (p]^^uo ^ and ifl'^ = 0. 

Now case (iii) cannot occur, because by assumption U '^V. case (i) means n = m + 2, 
while case (ii) means n = m — 2. This completes the proof. □ 

For simple Lie algebras of higher ranks, we can weaken the assumptions of Lemma 
4.2 and still prove the same result. We will need this in order to understand (4.6). 

Lemma 4.4. Let rank > 2 and let (tt, U) and (p, V) be non-trivial irreducible Q-modules. 

Let T : Q^U V be a g-homomorphism such p{a)T{h®u) — T[a®'K{h)u), for all a,b E q 
with [a, b] = 0. 

(i) If (tt, U) ^ (p, V), then T = 0. 

(ii) If (tt, ?7) = {p,V), then there exists c e C such that T{a ® u) = C7r{a)u, for all 
a e g^u e U. 

Before proving Lemma 4.4, let us see how it can be applied to solve our extension 
problem in the higher rank case. 

Proposition 4.3. Let rank g > 2 and let (tt, U) and {p, V) be non-trivial irreducible 
g-modules. Let (p^'^, (p^'^ : g®U V be two g-module homomorphisms satisfying (4.6). 
Then 

(i) If (tt, U) ^ (p, V), then p^^^ = (^^,0 = q. 

(ii) If (tt, U) = (p, V), then there exists c e C such that cpl''^ = (pl^^ = C7r(a), Va e g. 

Proof. Let a, 6 G g such that [a, b] — 0. We have p{a)pl'^ = p{b)p\'^ by assumption. Since 
(p^'^ is a g-module homomorphism we also have p{a)(pl'^ = </3^'^7r(a). Hence p{b)(pl^'^ = 
(pl'^7r{a). So by Lemma 4.4 and (4.6) Corollary follows. □ 
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Combining Proposition 4.2 and Proposition 4.3 we obtain immediately 

Theorem 4.2. Let rank g>2 and let (tt, U) and (p, V) be finite-dimensional non-trivial 
irreducible Q-modules. Then every non-trivial extension of R{g)-modules of the form (4.1 ) 
is as follows (a e Q, u e U, V eV): 



where ip^'^ : q ® U V is an arbitrary non-zero homomorphism of Q-modules. Two 
extensions, depending on (p^'^ and <f'^'^, respectively, are equivalent if and only if ip^'^ 
and (fi^'^ coincide. 



Furthermore two extensions, depending on (f^'^ and (fi^'^, respectively, are equivalent if 
and only if (fi^'^{a w) — ip^'^{a = C7r{a)u, for some c e C. 

We now give a proof of Lemma 4.4. 

Proof of Lemma 4 ■4- We will continue to use the notation above. Let be any simple 
root. Since rank g > 2 we can choose an /i G f) such that ai{h) — and A{h) ^ 0. Since 
[h, Ci] = 0, we have p(/i)Te.ito = Th,7r{ei)uo = 0. Now Tg-Wo is a vector in V of weight 
A + CKj. Thus we have (A + ai){h)TeiUo = A(/j,)Te.tto = 0, and so Tg-tto = 0. Since T is a 
0-homomorphism, it follows that T(eQ, uq) = 0, for a e A_|_. 

Let h E i) and be a simple root. We have p{ei)ThUo — ThTx{ei)uQ = T[g. /jJ-uq = 
—ai{h)Tg.UQ — 0. Hence T^uq is a scalar multiple of vq, i.e. there exists c e ()* such that 



(i) If{7r,U)^{p,V),then 



a\u = 7r{a)u-\- Xip^'^{a<^ u), a\v = p{a)v, 



(ii) If (tt, U) ^ (p, V), then 



axu = 7r{a)u -\- Xip^'^{a <^ u), a\v = p{a)v. 



ThUQ = c{h)vo, \/hel). 



(4.9) 



So if h, h' 



e f) then p{h')ThUQ 



Th7r{h')uo, which implies that 



c{h)A\h')vo = c{h)A{h')vo. 



(4.10) 



Case 1. Assume that A' 



In this case (4.10) implies that c{h) = 0, hence 



Thuo = 0, V/i e and A 7^ A'. 



(4.11) 



34 



Let a e A+ and suppose that A is not a scalar multiple of a. Then we may choose 
h such that a{K) = and A{h) ^ 0. By (4.11) = p{e-^)ThUQ = Te_„7r(/i)wo = 
A{h)Te_^uo. We conclude that Te_^UQ = 0. 

Now suppose that A = c'9o, where 6*0 G A_|_. If 6*0 is not the highest root, then 
there exist a, P & A+ such that 9o = a — P so that e-e^ = [ep^e-a]. But Te_g^tto = 
p{ef3)Te_^uo - Te_^TT{ei3)uQ = 0. 

On the other hand if is the highest root, then cannot be a simple root. Thus 

hence p{ei)Te_g^uo = 0, Vz. This implies that Te_g^ = cqVq, for some cq G C. We need to 
show that Co = 0. Now [e-g^, fi] = 0, Vi. Therefore = p{e-go)Tf^uo = Te_g^7r{fi)uo = 
p{fi)Te_g^UQ. This gives cop{fi)vo = 0, Wi. But V is non-trivial, hence cq = 0. 
Case 2. Assume that A = A' and let h,h' e f). By assumption 7r{h)Th'Uo = Th'n{h')uQ, 
hence by (4.9) A{h)c{h') = A{h')c{h), for aU h, h' e f). Since A 0, we may choose ho e\} 
such that A(/io) 0. Putting cq = we have c{h) = coA(/i), V/i e f), thus by (4.9) 

Thuo = coA{h)uo, V/i e f). (4.12) 

Given q; G A+ and suppose that A is not a scalar multiple of a. We may choose h E i) 
such that a{h) = and A{h) ^ 0. Then by hypothesis TT{e-a)ThUo = Te_„7r(/i)t(.o, which 
by (4.12) is equivalent to coTT{e-a)A{h)uo — A{h)Te_^uo and so 

Te_„uo = co7r(e_a)uo. (4.13) 

Now suppose that A = c'6'o, where 6*0 G A_(_. It suffices to prove that (4.13) when 
a — Oq. Since T is a g-module homomorphism, we have 

7r(ei)Te_^^wo = Te_^^n{ei)uo + r[e,,e_eo]'"o = co7r([ej, e_0j)wo- 

Replacing 7r([ei, e_6io])wo by 7r(ei)7r(e_6io)uo, we conclude that Te_g^uo — co7r(e_6)p)'Uo, if 
nonzero, is a scalar multiple of uq. However, since it has weight A — cind uq has weight 
A, we must have Te_g^uo = co7r(e_6io)tto- This concludes the proof of Lemma 4.4. □ 
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We now present explicit formulas for the corresponding (non-trivial) extensions of 
current conformal modules. Recall that = (8) C[t,t~^] acts on the conformal mod- 
ule M^{V) = V ®c C[t,t~^], where {p,V) is a non-trivial irreducible finite- dimensional 
representation of q, as 

(a ® f{t)){v ® g{t)) = p{a)v ® f{t)g{t). (4.14) 

Theorem 4.3. All non-trivial extensions of conformal modules over g of the form 

— > M^iV) — ^E" — > M^iU) — > 0, 

where (tt, U) and (p, V) are non-trivial irreducible representations of g, can be constructed 
as follows. As a vector space E"" = {U ® V) ®£ C[t,t~^]. g acts on ^{V) as in (4.14), 
while on M'^[U) its action is given as follows (f{t),g{t) e C[t,t-^], u eU, V eV, a e q): 

(i) (a f{t)){u g{t)) = 7r{a)u ® f{t)g{t) + ^^^\a ®u)® f'{t)g{t) 

+ ((^2'° - ^i'i)(a ®u)® f"{t)g{t) - v^i'^a u) ® f'Wit), 

ifQ^sh andV^U. 

(ii) (a fit))iu (g) g{t)) = 7r{a)u /(t)^(t) + ¥?^'°(a 0u)® f'{t)g{t), if g ^ sh- 

Here (p^'^,(p^'^ : Q <Si U — > F are Q-module homomorphisms, and <^^'° : Q®U V is a 
Q-module homomorphism determined by (4.6). 

Remark 4-3. In the case g ^ sZ2, the space Ext{M^{U) , M^{V)) is canonically isomorphic 
to Homg(0 (8)c U,V)ifU^V and to Homg(0 ® U, V)/C7t ifU^V. In the case g ^ sh 
and [/ ^ V, Ext(M'^(t/'), M'^(l/)) is canonically isomorphic to the direct sum of two copies 
of Homg(g ®c U,V). 

The remainder of this section is devoted to the study of extensions of i2(g)-modules 
that we will need for the extension problem of modules over i?(5J) ix R{g) in the next section. 
Namely we will consider extensions of the form (4.1) but now with the assumption that 
(p, V) or (tt, U) is the trivial (1-dimensional) g-module. 

First suppose that V — Cv is the trivial g-module. We have for a G g and u E U: 

axu = 'K{a)u + ^ yd^ip^^^{u), a\v = 0, 

i,k>Q 
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where ^'^^ :XJ are linear maps. Applying both sides of (1.16) to u we have 

i,fe>0 i,fc>0 i,fe>0 

Comparing the coefficients of X^ji^d^ for i + j = M and i, j > 1 we get for all k 

<'5 = 0' VM>2. 

Subtracting a coboundary as in the proof of Lemma 2.1, if necessary, we may again assume 
that (^^''^ = 0, for all k. Now we look at the coefficients of X^d^ and conclude that 

which implies that (/p*'^ = 0, unless [/ = g. Thus we have 

Proposition 4.4. Non-trivial extensions of R{g) -modules of the form (4.1) with V=Cv 
being the trivial and U an irreducible (possibly trivial) g-module exist if and only ifU = Q. 
Identifying U with q these extension are given by (a,u E q): 

a\u = [a, u] + Xf{d){a\u), a\v = 0, 

where f{d) is a non-zero polynomial in d and (• | •) is an invariant symmetric non-degenerate 
bilinear form on g. 

Now suppose that V is non-trivial and U = Cu is the trivial g-module. We have 

axu= ^ X'd^(fill\u), axv = p{a)v, 

h3>0 

where : U ^ V are linear maps. Both sides of (1.16) applied to u gives 

E(A + /^)'avK,](«) = + >^ypiaWi^) - E ^'(9 + pypih)^'^iu). (4.15) 

i,j i,j i,j 

As before we may assume that the summation above is over i > 1 and j > 0. Looking at 
the coefficients of ii'^d^ and we get p{a)^p]^-' {u) = 'P^^a^iu), which means that f^*'-' : g — > F 
given by f^*'-' (a) = (p'^^^ (u) is a module homomorphism. Thus we may assume that V = Q. 
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Identifying V with g we may assume that for all a e one has <^]^^{u) = Cija for some 
Cij e C, and hence p{a)(p\^\u) = Cij[a, h]. Plugging this back in (4.15) we get 

^(A + yLyd^c,j[a, h] = Y,^l\^ + \ycij[a, 6] - ^ V(a + /i)^Cy [a, 6], 

i,i i,j i,j 

which is equivalent to 

/(A + i^,d)^ d + X)+ /(A, d + i,), (4.16) 

where /(A, d) = ■ Cij^d^ . So solving the extension problem is equivalent to solving the 
functional equation (4.16). We have the following 

Lemma 4.4. All homogeneous solutions of (4.16) are scalar multiples of A(5 + A)'^, where 
k e Z+. 

Proof. We use induction on the degree of a homogeneous solution of (4.7). If the degree 
is 1 or 2 this is easily checked. Hence assume that the degree is n > 1. Now differentiating 
(4.16) with respect to d we obtain 

fgiX + fX,d)= fgif,, d+X)+ fgiX, d + /x), 

where /^(A, 9) means differentiation with respect to d. But this equation means that 
fgiX, d) is a solution of (4.16), but of lower degree. Thus by induction it /^(A, d) a scalar 
multiple of A(5+A)'^~^, where k < n. Hence /(A, d) is a scalar multiple of X{d+X)''+g{X), 
where ^(A) is scalar multiple of A". Plugging this into (4.16) again, we see that ^(A + /x) = 
g{X) + g{lj)- Since n > 1, g{X) — 0, proving the lemma. □ 

Proposition 4.5. Non-trivial extensions of R{g)-modules of the form (4.1) with U=Cu 
being the trivial and V an irreducible g-module exist if and only if V = Q. Identifying V 
with g these extensions are given by (a,v G g): 

axu = Xf{d + X)a, axv=[a,v], 0^f{x)&C[x]. 

5. Extensions of conformal 5J tx g-modules 

Throughout this section g denotes a finite-dimensional simple Lie algebra. Let i?(5J) K 
R{g) be the semidirect sum of the Virasoro and the current conformal algebra. Any finite 
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irreducible module over x R{g) is M{a, A, U), with actions given by (1.21), or else it 

is the 1-dimensional (over C) module Cc/3 with actions L(n)C/3 = a(n)C/3 = for all n e Z_|_, 
and dcjs — (3cj3. In this section we will consider extensions of -R(2J x g)-modules of the 
form 

— >M{a,A,V) — >E — >M{P,A,U) — ^ 0, (5.1) 

where (p, V) and (tt, U) are finite-dimensional irreducible g-modules. 
Remark 5.1. We do not need to consider the case when U and V are both the trivial g- 
module, because due to Proposition 4.4 (or 4.5) this case reduces to the extension problem 
we have studied in Section 3. 

We first consider the case when U and V are both non-trivial 0-modules. In this case 
we can use the results in Section 4 and assume that (a G g, it G ?7 and v &V): 

a\u = 'K{a)u + \(f^'^{a ®u) + 2Xd(p^''^{a (S>u) + A^<^^'°(a u), 

axv = p{a)v, Lxu = {d + 13 + AX)u + X^d'^^jkU, Lxv = {d + a + AX)v, 

j,k>o 

where : q(E) U ^ V are g-module homomorphisms and tl^jk : U ^ V are linear maps. 
Furthermore (/?^'*^([a, 6] ® u) — p{a)ip^'^{b u) — p{b)(fi^'^{a ® u) and (p^'^ and (p'^'^ are 
non-zero only when g = SI2 and U ^V. 

Applying both sides of (1.18) to u we obtain: 

- Xp^l'% - 2pi{X + p)d^Yu - fi{X + pWa% = p{a-/3+{A- A)X)^l'% 

+ 2ii{{d + a + X){d + AX)-d{d + P + ii + AX))<pyu + i?{a - P - - {A - A)X)<fil^\ 

+ J2 A^aVifc7r(a)w - ^ X\d + p)''p{a)iPjkU. (5.2) 

j,k>0 j,k>0 

Setting p — in (5.2) and comparing the coefficients of X^d^ we obtain for all j,k >0 

il:jk'K{a)u — p{a)t/jjkU, \/a ^ g,u & U. 

Thus if^jk is a g-module homomorphism. 

Assume that U ^V. If sh, then (^^'^ = (^^'° = and so (5.2), combined with the 
fact that ij^jk = 0, reduces to 

((A - A - 1)A + /? - a)ipl'^u = 0. 
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If (^I'O = 0, then E decomposes. Thus we may assume that (p^'^ ^ 0. In this case we get 
a = (3 and A — A — 1 = 0. This gives 

Proposition 5.1. Non-trivial extensions of ix Q)-modules of the form (5.1) in the 

case sl2, (tt, U) ^ (p, V) and U, V non-trivial irreducible g-modules exist only ifa = f3 

and A = A + 1 . The extensions are given by: 

a\u —'K{a)u -\- \(p^'^{a® u), a\v — p{a)v, 
Lxu=(d + a + AX)u, Lxv = (d + a + AX)v, 

where u E U, v eV, a e g and cp^'^ : g<SiU ^ V is a non-trivial g-module homomorphism. 

Now suppose that g = sl2 and U j^V. In this case (5.2) together with ipji^ = gives: 

- - 2(A + ii)d^yu - (A + = (« - /3 + (A - A)X)^l^% (5.3) 

+ 2((a + X){d + a + AX)-d{d + /3 + ii + AX))^yu + fx{a - /3 - - {A - A)X)^l^\ 

Putting A = 0, (5.3) reduces to {a- l3){(pl'^u + 2dLpyu + ^Lpl'^u) = 0. Hence if a-/3 7^ 0, 
then (fi^'^ = for all i,j and so E decomposes. Thus we may assume that a — P = 0. In 
this case (5.3) reduces to 

X{A-A-l)(fil'^u-X'^{2Aifil'^u+ifil'^u)+2Xd{A-A-2-a)ifil'\+Xii{A-A-2)ifil'^u = 0. 

From this and Lemma 4.3 we see that cp'^'^ = and hence the representation decomposes, 
if A — A 7^ 1, 2. In the case when A — A = 1, c/?^'*^ = and hence ^p^'^ = by Lemma 4.3. 
On the other hand when A — A = 2 and a = we have ip^'^ = and = —2A(p^'^. 
Now if A — A = 2 and a ^ 0, then <^^'° = 0. But also (p^'^ = 0, which gives </3^'° = 
by Lemma 4.3. Hence in this case the module decomposes. This discussion, together with 
Lemma 4.3, gives 

Proposition 5.2. Let g = SI2. Non-trivial extensions of i2(QJ K g)-modules of the form 
(5.1) in the case (tt, U) ^ (p, V) with U, V non-trivial irreducible g-modules are as follows: 
(i) a = P and A — A = 1, with extensions given as in Proposition 5.1. 
(a) a — P = and A — A = 2, with extensions given by(uEU,vEV,aE g): 
axu =7r(a)it + 2Xd(p^''^{a (g) w) - 2(A - 2)A^(y?^'^(a (g) it), 
axv =p{a)v, Lxu = {d + AX)u, Lxv = {d + {A — 2)X)v, 
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where (p^'^ : Q ® U — > F is a non-trivial Q-module homomorphism and A = 5_^mt/^ if 
dimV = dimC/ + 2, and A = if dimV = dimC/ - 2. 

This settles the case U j^V and f/ and V are non-trivial g-modules. Next we consider 
the case U = V and U and V are non-trivial 0-modules. In this case we have by results 
of Section 4 that cp^'^ = cp^'^ = 0. Also in this case ipjk{u) = Cj^u, where Cjk £ C. Thus 
identifying p with tt, (5.2) reduces to 

-Xpifl'\ ^pia-P + iA- A)X)ifl'\ + J2 CjkX'id' - {d + //)')7r(a)«. (5.4) 

j,k>0 

We let 9 = and get 

li{a- P+(A- A + l)X)ipl'\- CjfcA>'=7r(a)w = 0. (5.5) 

i>0,fc>l 

If (f^'^ is a scalar multiple of tt, then it is decomposable and we may assume that y?^'*^ = 0. 
If (/ji'O = 0, then Cjk = for > 1. Thus Lxu = [d + (3 + AX)u + f{X)u', where -u ^ is 
a 0-module isomorphism from U to V. Since /(A) must satisfy (3.2), we get from the list 
of Theorem 3.1 the following possibilities: 

(11) /(A) = ao + aiX in the case A = A, (oq, ai) ^ (0, 0), 

(12) /(A) = aA^ in the case A = 1 and A = 0, a 7^ 0, 

(13) /(A) = aX^ in the case A - A = 2, a ^ 0. 

Thus we may assume that (p^'^ is not a scalar multiple of tt. In this case (5.5) implies that 
a - /? = 0, A = A + 1 and Cjfe = for j > and k>l. Thus setting J2jk CjkX^d^ = /(A), 
we have (where m — > m is a g-module isomorphism between U and V) 

Lxu ={d + a + AX)u + /(A)tt, Lxv = (5 + a + (A - l)X)v. 

Applying both sides of (1.17) to tt we obtain 

(A - ^Ji)f{x + /.) = (A + ^i){f{X) - fifi)). 

The only solution to this equation is /(A) = cA, where c G C. However this polynomial 
corresponds to the trivial extension. Namely let E = C[d]U ®C[d]U and u' = u + u. Then 
Lxu' gives rise to this polynomial. Thus we have 
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Proposition 5.3. Non-trivial extensions of K Q)-niodules of the form (5.1) in the 
case (tt, U) = (p, V) and U, V non-trivial irreducible Q-modules are either of types (II ), 
(12) and (13) above or else exist only if g sh, a — (3 and A = A + 1. They are given by 

a \u =7r {a)u + Xcp^''^ (a ® u), a\v = p{a)v, 

Lxu =(a + ct + AA)u, Lxv = (9 + a + (A - l)\)v, 

where ueU,veV,aeg and (f^'*^ : Q®U — > F is a g-module homomorphism that is not 
a scalar multiple of tt. 

In terms of conformal modules Proposition 5.1, 5.2 and 5.3 gives 

Theorem 5.1. All extensions of conformal modules over QJ ix g of the form 

— > M%a, A, V) — ^E"" — > M^{I3, A, U) — > 0, 

where (tt, C/) and (p, are non-trivial irreducible Q-modules and a,/?, A, A e C, can be 
constructed as follows: Let E'^ = {U Q)V) ® C[t, t~^]e~°'* with completely reducible action 
of 5J. Then one has the following four cases: 

(i) Let Q = sh and U ^V. Then q acts on E" as in Theorem 4.3 (i) with ip^'° 7^ and 
^1,1 ^ ^2,0 = 0, and A = A + 1. 

(ii) Let ^ sh and U ^V. Then q acts on E" as in Theorem 4.3 (i) with (p^'° = and 
(^I'l = (^2,0 _^ A = A + 2. Furthermore a = 0. 

(Hi) Let SI2. Then q acts on E"^ as in Theorem 4.3 (ii) and A = A + 1. 

(iv) g arbitrary and U = V. Then g acts completely reducibly on E^, while 9J acts 

according to (II), (12) and (13). 

We next consider the case when either U or V m (5.1) is the trivial 5-module, but not 
both. First suppose that V = Cv is the trivial g-module. In order for M{a,A, V) to be 
irreducible, A 0. By Proposition 4.4 we may put {a e Q, u e U and v eV) 

axu =7r{a)u + Xf{d){a\u)v, axv = 0, 

Lxu ={d + (3 + AX)u + J2 ^^d'^iPjkiu), Lxv={d + a + AX)v, 

j,k>0 
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where (•|-) = 0, ift/^g, and (-j-) is an invariant symmetric non-degenerate bilinear form 
on 0, if [/ = Q, f{d) is a polynomial in d and ipjk : U are linear maps. Applying both 
sides of (1.18) to u we get 

-//(A + n)f{d){a\u) ^ii{d + a + AX)f{d + X){a\u) 

-fi{d + fi + p + AX)f{d){a\u) + J2 X^d%kTTia)u. (5.6) 

j,k>0 

Set |U = in (5.6) above and comparing the coefficients of XW'' we conclude that (since 
(tt, f/) is non-trivial) ij^jk — 0, for all j,k. Now ii U ^0, then (-I-) = 0, and so the 
representation decomposes. Thus we may assume that U = g. In this case (5.6) reduces 
to 

{d + P+{A- l)X)fid) = {d + a + AX)f{d + A). (5.7) 

Putting A = in (5.7) gives a = if f{d) ^ 0. Thus we may assume that a = (3. 
Changing the variable d to d + ain (5.7), we may assume that in (5.7) above a = /? = 0. 
In this case we set 5 = in (5.7) and (using A 7^ 0) conclude that f{d) = c e C, and 
A^ A + 1. This leads to 

Proposition 5.4. Non-trivial extensions of i?(5J ix Q)-modules of the form (5.1) in the 
case when V=Cv is the trivial and U is a non-trivial irreducible Q-module exist if and only 
if a — P, A = A + 1 and U ^ q. Identifying U with q these extensions are given by 

a\u =[a, u] + cX{a\u)v, a\v = 0, 

Lxu^{d + a + AX)u, Lxv ^ {d + a + AX)v, 

where a,u & Q, c is a non-zero complex number and (•!•) is a non-degenerate symmetric 
invariant bilinear form on g. 

Finally consider the case when (p, V) is non-trivial and U = Cu is the trivial g-module. 
In this case A 0. Using Proposition 4.5 we may assume that {a E Q, v e V) 

axu =Xf(d + A)a, axv = p{a)v, 

L^u={d + l3 + AX)u + J2 ^^d'^Vjk, Lxv = {d + a + AX)v, 

j,k>0 
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where Vjk £ V and f ^ only iiV = Q. Applying both sides of (1.18) to u we obtain 

-//(A + ii)f{d + X + fx)a =fx{d + a + AX)f{d + X + ii)a (5.8) 

-fiid + /3 + fi + AX)fid + fi)a- J2 A^(a + /i)V(a)^,fc- 

j,k>0 

Setting /X = in (5.8) (since V is non-trivial) gives vjk = for all j, k. Hence, if F ^ g, 
then / = and the representation decomposes. Thus we may assume that V = g. Then 
(5.8) gives 

-(A + i^)f{d + A + /x) = (a + a + AX)f{d + A + /x)-(a + /3 + /x + AX)f{d + /x). (5.9) 

Put A = in (5.9) we get {a — f3)f{d + ii) = 0. Since the representation decomposes when 
/ = 0, we may assume from now on that a = (3. In this case we change 9 to 9 + a in (5.9) 
and thus we want to solve 

(a + AA + ij)f{d + //) = (a + (A + 1)A + ij)f{d + A* + A). (5.10) 

Put a = = in (5.10) we get AA/(0) = (A + 1)A/(A). Thus if /(O) ^ 0, then /(A) is a 
constant. Now if /(O) = and /(A) ^ 0, then A + 1 = 0. Now put = in (5.10) and we 
get {d + AX)f{d) = df{d + X). Hence we may write f{d) — dg{d), for some polynomial 
g{d) and consequently get 

{d + AX)dg{d) = d{d + X)g{d + A). 

Put d = -X and we have (-A + AX){-X)g{-X) = 0. Thus if / 7^ 0, then A = 1. Now we 
put A = 1, A + 1 = and /X = in (4.6) to get {d + X)f{d) = df{d + X). It follows that 
f{d) — dg{d) and hence {d + X)dg{d) — {d + X)dg{d + X). Thus is a constant. Therefore 
/(A) is a scalar multiple of A. 

Proposition 5.5. Non-trivial extensions of i?(QJ ix Q)-niodules of the form (5.1) in the 
case when U=Cu is the trivial and V is a non-trivial irreducible g-module exist if only if 
a = P, V = g and A = A + 1 or (A, A) = (1, —1). Identifying V with g these extensions 
are given by: 

axu =cXa, axv — [a, v], 

Lxu={d-\-a-\- AX)u, Lxv = (d -\- a -\- AX)v, 
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where A = A + 1, a,v E Q and c is a non-zero complex number, or 

axu =cA(A + d + a)a, axv = [a, v], 

L\u ={d + a + X)u, L\v = (d + a — X)v, 

where a,v & q and c is a non-zero complex number. 

Translating Proposition 5.4 and 5.5 into the language of conformal modules we obtain 

Theorem 5.2. All non-trivial extensions of conformal modules over QJ K g of the form 

— > M%a, A, V) — — > M%p, A, U) — > 0, 

where U and V are irreducible g-modules with one of them being the trivial Q-module (but 
not both) can be constructed as follows (for f{t) e C[t, t~^], g{t) e C[t, t~^]e~°'*, A,aeC, 
c 7^ and o, 6 e g and (•!•) is an invariant symmetric non-degenerate bilinear form): 

(i) Suppose that V = Cv is trivial. Then U = g and E'' = {g ® Cv) (g) C[t, t-^je""* with 
completely reducible action of 2J. Furthermore A = A + 1, and q acts as: 

(a f{t)){b g{t)) = [a, b] ® f{t)g{t) + c{a\b)v ® f'{t)g{t), 
{a^f{t)){v^g{t)) = 0. 

(ii) Suppose U = Cu is trivial. Then V ^ Q and = {q ® Cu) (g) C[t, t-^]e-°=* with 
completely reducible action of 5J, and there are two possibilities: 

a. A = A + 1 and g acts as: 

(a ® f{t)){u ® g{t)) ^ca® f'{t)g{t), (a ® f{t)){b ® g{t)) = [a, b] ® f{t)g{t). 

b. A = 1, A = — 1 and g acts as: 

{a f{t)){u ® g{t)) ^ca® f'{t)g'{t), (a ® f{t)){b ® g{t)) = [a, b] ® f{t)g{t). 

Let a = Ca be the 1-dimensional abelian Lie algebra so that a is its associated current 
algebra. Let QJ ix d be its semidirect sum with the Virasoro algebra. Let i?(QJ k a) denote 
the corresponding conformal algebra. Using the same argument as in [1] one can prove 
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that every finite irreducible module over K a) is either M{a, A, k)=C[d] (8)c *Ctt, with 
actions defined by 

Lxu — {d + a + AX)u, a\u — ku, 

where a,A,k e C with (A, A;) 7^ (0,0), or else it is the 1-dimensional module Cc/3 with 
0'{n)Ci3 = L(^n)Ci3 = and dcp = /9c/3, /? e C. Of course the corresponding conformal module 
M^{a, A, k) is the QJ-module C[t, t-^]e-°'*dt^-^, on which a acts as: 

(a ® f{t))g{t)dt^-^ = kf{t)g{t)dt'-'^, 

where /(t) G C[t,t-^] and e C[t, t-^le""*. We now consider the extension problem 
between finite irreducible modules over i?(2J x d). In the following discussion we will omit 
the proofs, that made use of our results on extensions between irreducible i?(9J)-modules 
of Section 2 and 3. 

We first consider extensions of i?(2J k a)-modules of the form 

— >Ccf3 — >E — >M{a,A,k) — > 0. (5.11) 

Identifying E with Cc/3 © M(q;, A, k) and M(q;, A, k) with C[d]u we have 

Proposition 5.6. The following is a complete list of non-trivial extensions of i?(9J K a)- 
modules of the form (5.11 ): 

(i) L\u = (9 + a + \)u + a2\^C-a and a\u — biXc-a, (^2, 61) ^ (0, 0). 
(a) Lxu = {d + a + 2X)u + asX^C-oi and a\u = 0, 03 7^ 0. 
(Hi) L\u = (9 + a)u and a\u = ku + boC-a, bo ^ 0, k ^ 0. 

Remark 5.2. The corresponding 5J ix a-modules of Proposition 5.6 can be constructed as 

follows (/(t) G C[t,t-\g{t) e C[t,t->-"*): (i) is the 2J-module = C[t,t->-"* + 
Cc_a of Remark 2.1 with d acting as: 

{a^ fit))g{t) = bi{Restf'{t)g{t))c.a, 

(ii) is E*^ = C[t, t~^]e~°'^dt~^ + Cc_q, of Remark 2.1 with trivial d-action, while (iii) is the 
module E^ = C[t, t-'^]e-'^^dt + Cc_a with actions 

(a ® f{t))g{t)dt =kf{t)g{t)dt + bo{Restf{t)g{t))c-a, 
{mi)g{t)dt={mg{t))'dt. 
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Next we consider extensions of ix a)-modules of the form 

— >M{a,A,k) — >E — > Cc/s — ^ 0. (5.12) 

Proposition 5.7. The only non-trivial extensions of i?(QJ K a)-niodules of the form (5.12) 
are non-trivial extensions of the form (2.4) with trivial action of R{a). The corresponding 
conformal module is the ^-module of Remark 2.2 with trivial a-action. 

Theorem 5.3. All non-trivial extensions over 2J k o between a 1-dimensional (over C) 
module and M'^{a, A, k) are given by Remark 5.2 and Proposition 5.7. 

Now we come to extensions of -R(5J k o)-modules of the form 

— >M(a,A,k) — >E — >M{P,A,k) — ^ 0. (5.13) 

We let M{a,A,k) = C[d]v and M{P,A,k) = C[d]u so that as a C[a]-module one has 
E = M{a, A, k) ® M{P, A, k) and 

Lxu ={d + l3 + A\)u + /(a, \)v, Lxv={d + a + A\)v, 
a\u =ku + g{d, X)v, a\v = kv, 

where f{d, A) and g{d, A) are polynomials in d and A determining the extension. 

Theorem 5.4. The following is a complete list of non-trivial extensions of i?(QJ ix a)- 
modules of the form (5.13). As before we exclude the cases {A,k) = (0,0) and {A,k) = 
(0,0). 

(i) A non-trivial extension of R{'^)-modules of Theorem 3.2 with trivial R{a)-action. 
(a) Lxu — {d + a + AA)^ + (ao + aiX)v, L\v — (d -\- a -\- AA)f , axu — ku -\- h^v and 

a\v = kv, (ao, ai, 6o) 7^ (0, 0, 0), a,k,A e C. 
(Hi) L\u = (d -\- a -\- AA)tt, Lxv = (5 + a + (A — l)X)v, a\u = ku-\- h\\v and a\v = kv, 

h^O, a,k eC and A^ 1. 
(Hi') L\u = (9 + ct + A)^ + a2\^v, Lxv — {d-\- a)v, a\u — ku + a2\v and a\v — kv, a2 ^ 0, 
aeC, ky^O. 

(iv) Lxu = (a + a + AX)u, Lxv = (9 + a + (A - 2)X)v, axu = ku + b2X{d + cu - (A - 2)X)v 
and axv = kv, 62 ^ 0, a,k, A & C. 
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(iv') Lxu = {d + a + AX)u + a2\^{2d + 2a + A), Lxv = (9 + a + (A - 2)\)v, axu = 
a2\{d + a - (A - 2)\)v and axv = 0, 02 7^ 0, a, A e C. 

(v) Lxu = (9 + a + A)^ + a^\'^{d + + a + A), Lxv = (9 + a — 2\)v, axv = and 
axu = {b3{{d+a)'^{d+a+X)-{d+a+Xf{d+a-2X))+a3{X{d+a)^+3X'^{d+a)+2X^))v, 
with (as, bs) ^ (0, 0) and a, A e C. 

Theorem 5.4 above describes all extension of 2J k a-modules of the form 

— > M%a, A, k) — ^E"" — > M%/3, A, k) — > 0. 

Explicit formulas for the actions of 5J and a on the corresponding conformal modules 
can be derived just as we have derived (3.11). To do so we let = C[t,t~^]e~°'*dt^~^ © 
C[t, t~^]e~°'^dt^~^ . Suppose that the extension of the corresponding module over i?(Q3x a) 
for q; = is given by the pair of polynomials f{d, A) and g{d, A) in Theorem 5.4. The action 
of QJ is of course given by (3.11), while the action of a is 

{a^m)g{t)dt'-^ = kmg{t)dt'-^ - E ^^'^(-l)'(E (')f^''^'~'\t)9^'\t))dt'~^, 

i,k j=0 ^-^^ 

where g{d, A) = j bijd'X^, f{t) e C[t, t'^] and g{t) e C[t, t-i]e-«*. 
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